Average ipl (n) and epl (n) in any BStree on n nodes

Let T be a BStree createdby n consecutivei nsertionsof nunbers
1throughn (not necessarilyinthat order)intoinitiallyenptytree.

Thereare n! orders (a. k. a. pernutati ong of nunbers
1throughn. W assunethat they are all equallylikely.

Let i bethefirst nunber i nserted

irt (E)%
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trl (Te) 7"(’”—:.’)
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ipl (T) =ipl (TL) + (i =1) +ipl (TR) + (n-i) =
= ipl (To) +ipl (Tr) + (n-1)

1
i can be equal to any of the nunbers1 throughn, eachwth probability—.

n
Hereis thereccurrencerel ati on

(refer to your know edgeof Di scretelMathemati cson recurrencerel ations):

. 1 n . . ) .
Iplan[n—]=_Zi=l (Iplavg[l -1]+|p|a\,g[n—|]+(n—1))=
n
1 n 1 "
== Zi 1 (i plavg[i _l]"'iplavg[n_i ])+_ Zi 1 (n-1) =
n n
1 G 1
== D (iPlagli =11 +iplgn=-i1)+=n (n-1) =
n n

| —

Zin=1 (i p|avg[i —l]+ip|avg[n-i ])+(n_1)

>
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iplagln_l:=n-1+- Zi B (iplavgli =11 +iplagln-il)
n

i plavg [4]
29
6

It may be verifiedby direct cal cul ati onthat t he function

1
i plagIn]l = 2 (n+1) (Zin=l_—)—4n
i

sati sfiesthe aboverecurrencerel ati onfor every n > 1.

Tothat endit sufficestoshowthat for everyn > 1:

1
2 (n+1) [Zjn=1._J'4”==
j
1 n- i 1 . . n-1-i 1 .
n-1s= ; (2 (i +1) (ZJ,:leJ-m +2 (n-i) (Z]ll Jf]-4 (n-1-|))

n

Hereis an experinental verificati onby graphing
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1

Di scretePl ot[{ 2 (n+1) (Zjnﬂf) -4n, n-1+

1 -1 . i1 _ . a1 .

;Z;‘:O [2 (i +1) (Zjl=1]7)'4' +2 (n-i) [Z]_”ﬂ ' j—]-4 (n-1-i )]} m, 1, 100}]
00 -
5(1)} .oo'....
4CD:’ .oo'....
ZCD} .a-'.....
100 } ....oacooa

- T » 42 60 80 100
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Di scretePl ot[{ 2 (n+1) (Z,-nﬂfl) -4n-
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Substitutingthe Eul er’ s approxi mation
Log[n] +. 577
of

1

i

i
i nthe abovefornul a(seefil eSumationanb) we obtain:

iplag[N] =2 (n+1) (Log[n] +.577) -4 n =
Sinmplify[2 (n+1) (Log[n] +.577) -4 n]
1.154 -2.846n+2 (1 +n) Log[n]

Log[n]

1.154° -2.846" n+2 (1 +n) Log[2]

Log[2]
2 N[Log[2]]
1. 38629
1.154° -2.846" n+1.386 (1 +n) Log2[n]
i playgIN] = 1.386 (n+1) Log2[n] -2.846n +1.154

Not e.
1.386 (n+1) Log2[n] -2.846n +1. 154
i s the nunber of conparisonsof keysthat Qui cksortw || perform
on averagewhil esortingan n -el ement array wi t h no dupl i cat ekeys.
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epl qug[N1 =i plggN1+2n=1.386(n+1) Log2[n] -0.846n +1.154
epl 4yg[N] = 1.386 (n+1) Log2[n] -0. 846 n +1. 154
Aver age nunber of conpari sonsfor successful searchin an averageBStree:

i plavgn] 1
Ch=———""""+1=~ —(1.386 (n+1) Log2[n] -2.846n+1.154) +1 =
n n

1.386 Log2[n] - 2. 846+1 =1.386 Log2[n] -1.846
Cnh ~ 1.386 Log2[n] -1. 846
Aver age nunber of conpari sonsfor unsuccessfulsearchin an averageBStree:
. eplaygln]
Ch=— = (1.386 (n+1) Log2[n] -0.846n+1.154) / (n+1) =

n+1
1. 386 Log2[n] -0. 846

c, =~ 1.386 Log2[n] - 0. 846
NB*



