
Average ipl HnL and epl HnL in any BS tree on n nodes

Let T be a BS tree created by n consecutiveinsertionsof numbers

1 through n Hnot necessarilyin that orderL into initially empty tree.

There are n ! orders Ha.k.a. permutationsL of numbers

1 through n. We assume that they are all equally likely.

Let i be the first number inserted.

ipl HTL = ipl HTLL + Hi - 1L + ipl HTRL + Hn - iL =

= ipl HTLL + ipl HTRL + Hn - 1L
i can be equal to any of the numbers1 through n, each with probability

1

n
.

Here is the reccurrencerelation

Hrefer to your knowledgeof Discrete Mathematicson recurrencerelationsL :
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So,



iplavg@n_D := n - 1 +

1
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â
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n Iiplavg@i - 1D + iplavg@n - iDM

iplavg@0D := 0
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It may be verified by direct calculationthat the function

iplavg@nD = 2 Hn + 1L â
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n 1

i
- 4 n

satisfiesthe above recurrencerelationfor every n ³ 1.

To that end it sufficesto show that for every n ³ 1 :
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Here is an experimentalverificationby graphing
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The differencebetweenthe sides of the equationis 0
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DiscretePlotB: 2 Hn + 1L â
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Substitutingthe Euler' s approximation

Log@nD + .577

of

â
i =1

n 1

i

in the above formulaHsee file Summationa.nbL we obtain:

iplavg@nD » 2 Hn + 1L HLog@nD + .577L - 4 n =

Simplify@2 Hn + 1L HLog@nD + .577L - 4 nD
1.154 - 2.846 n + 2 H1 + nL Log@nD

1.154`- 2.846` n + 2 H1 + nL Log@nD
Log@2D Log@2D

2 N@Log@2DD
1.38629

1.154`- 2.846` n + 1.386 H1 + nL Log2@nD
iplavg@nD » 1.386 Hn + 1L Log2@nD - 2.846 n + 1.154

Note.

1.386 Hn + 1L Log2@nD - 2.846 n + 1.154

is the number of comparisonsof keys that Quicksortwill perform

on average while sorting an n - element array with no duplicatekeys.
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eplavg@nD = iplavg@nD + 2 n » 1.386 Hn + 1L Log2@nD - 0.846 n + 1.154

eplavg@nD » 1.386 Hn + 1L Log2@nD - 0.846 n + 1.154

Average number of comparisonsfor successfulsearch in an average BS tree:

cn =

iplavg@nD
n

+ 1 »

1

n
H1.386 Hn + 1L Log2@nD - 2.846 n + 1.154L + 1 »

1.386 Log2@nD - 2.846+ 1 = 1.386 Log2@nD - 1.846

cn » 1.386 Log2@nD - 1.846

Average number of comparisonsfor unsuccessfulsearch in an average BS tree:

cn
'

=

eplavg@nD
n + 1

» H1.386 Hn + 1L Log2@nD - 0.846 n + 1.154L � Hn + 1L »

1.386 Log2@nD - 0.846

cn
'

» 1.386 Log2@nD - 0.846

NB*
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