M ni mumi pl (n) and epl (n) in any BStree on n nodes

A binarytree T on n nodes has t he mi ni num
i nternal pathlengthanmongall binarytrees on n nodes,

that is,

ipl (T) =iply, (N)
iff

Tisenpty (son = 0)

or

all level sof T, except perhapsfor thelast |evel of T, havethe maxi mumnunber of nodes.
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Recal | that t he maxi mumnunber of nodesinlevel k of a binarytreeis 2.

Hereis exanpl eof such a BStree on nodes 1 throughll:

Hence, the m ni mumi nternal pathlength
iplyn (n)isequal totheinternal pathlength
i pl (H)inaheapon n nodes.
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Thus,

iplmn (n) = )" LLog2li 1] =
(n+1) LLog2[n +1]] - 2lteg?[n+1]]+1 4 o -
=(n+1) (Log2[n+1]+€)-2n,

whereeis afunctionof n+1 oscillatingbetween:
0 < e < 0.086071332056

Not e.
(n+1) (Log2[n+1]+€)-2n
i s the nunber of conpari sonsof keysthat Qui cksort will performin
the best case whil esortingan n-elenment array W th no dupl i cat ekeys.

Plot[(n+1) [Log2[n +1]] - 2ltee2ln=2]l+2 4y 2 tn 1, 20}]
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So,
iplgin () = (n+1) Log2[n] -2 n.

Plot [{(n+1) [Log2[n +1]] - 2l°@[n=t]]*2 42 (n+1) Log2[n] -2 n}, {n, 1, 50}]
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Ther ef org

eplyin (N) =iply, (N)+2n= (n+1) Log2[n]

or

epl i, (n) = (n+1) Log2[n]

Aver age nunber of conpari sonsfor successful searchin an averageBStree:

i plavg[N] 1
Ch=—"""4+1= — ((n+1) Log2[n]-2n) +1 =
n n

Log2[n] -2+1 = Log2[n]-1.
Ch = Log2[n] -1

Plot [{1+((n+1) [Log2[n +1]] - 2ltee2[n+1]]+1 4 2) /'n  Log2[n] -1},
{n, 1, 200}, PlotPoints- 200]
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Hereis a bit nore accurat eapproxi mati on

Log2[n]
Ch = LOg2[n] -1 +———
n
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Log2[n]
Pl ot [{1 +((n+1) [Log2[n +11] - 2|Log2[n+1]]+1 +2)/ n, Log2[n] -1 +—},

n
{(n, 1, 200}, Pl ot Poi nts- 200]
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Aver age nunmber of comnpari sonsfor unsuccessfulsearchin an averageBStree:

. epl avg[n] (n+1) Log2[n]
c, = x = Log2[n]
n+1 n+1

1. 386 Log2[n] - 0. 846

c, = Log2[n].

Plot [{((n+1) [Log2(n+1]] -2ltee2[n=2]]+*1 .22 n) / (n+1), Log2[n1},
{n, 1, 200}, PlotPoints- 200]
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