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1 Binary representations of positive natural
numbers

1



How many bits are needed to repre-
sent a number M > 0 in binary?

Say, it’s n.
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The greatest binary number that may
be represented on n bits is n 1s

11 . . . 1︸ ︷︷ ︸
n

.
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The smallest binary number that needs
n bits is one 1 followed by n− 1 0s

1 00 . . . 0︸ ︷︷ ︸
n−1

= 100 . . . 0︸ ︷︷ ︸
n

.
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So, we have:
2n−1 = 1 00 . . . 0︸ ︷︷ ︸

n−1
= 100 . . . 0︸ ︷︷ ︸

n
≤M ≤ 11 . . . 1︸ ︷︷ ︸

n
.
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2n−1 = 1 00 . . . 0︸ ︷︷ ︸
n−1

= 100 . . . 0︸ ︷︷ ︸
n

≤M ≤ 11 . . . 1︸ ︷︷ ︸
n

.

2n−1 ≤M ≤ 11 . . . 1︸ ︷︷ ︸
n

.
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2n−1 ≤M ≤ 11 . . . 1︸ ︷︷ ︸
n

.

11 . . . 1︸ ︷︷ ︸
n

+1 = 1 00 . . . 0︸ ︷︷ ︸
n

= 2n.
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2n−1 ≤M ≤ 11 . . . 1︸ ︷︷ ︸
n

.

11 . . . 1︸ ︷︷ ︸
n

+1 = 1 00 . . . 0︸ ︷︷ ︸
n

= 2n.

11 . . . 1︸ ︷︷ ︸
n

= 2n − 1.
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2n−1 ≤M ≤ 11 . . . 1︸ ︷︷ ︸
n

.

11 . . . 1︸ ︷︷ ︸
n

= 2n − 1.

2n−1 ≤M ≤ 2n − 1
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2n−1 ≤M ≤ 2n − 1

2n−1 ≤M < 2n

10



2n−1 ≤M < 2n

log2 2n−1 ≤ log2 M < log2 2n
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log2 2n−1 ≤ log2 M < log2 2n

n− 1 ≤ log2 M < n.
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n− 1 ≤ log2 M < n.

n− 1 = blog2 Mc
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n− 1 = blog2 Mc

n = blog2 Mc + 1.
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n = blog2 Mc + 1.

So, blog2 Mc + 1 bits are needed to
represent number M > 0 in binary.
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Here is an important equality that I
recommend you try to memorize:

blog2 Mc + 1 = dlog2(M + 1)e,

for any integer M ≥ 1.
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