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PART I: MULTIPLE-CHOICE QUESTIONS

1. Give a closed-form formula for the following long summation:

iz’ x 2°.
=1

(A) nx2ntl —1

(B) (n—1)2"*! +2 CORRECT

(C) (n 4+ 1)2leni+1 4 9

(D) Ng(n +1)]

2. Same as above.

3. What is the least power of 2 greater than n?

(A) [z], wheren <z <n+1
(B) 2171 where n < x < n+1
(C) 2les27]+1 CORRECT



(D) 9[logy n]—1

4. Same as above.

5. Which expression defines the conditional ezpected value (a.k.a. conditional expectation) E(f|S)

of random variable f under condition S7

(A) E(f) x Pr(S)

(B) Yees f(e) x Pr(e)

(C) Yees f(€) X Pr(e|S) CORRECT
(D) Xeev f(e) x Pr(e)

where U is the set of all elementary events and Pr(z) is probability of x.

6. Same as above.
7. Which of the following inequalities is true for every non-increasing integrable function f,

assuming a + 1 < b7

8. Same as above.
9. Let f(n) = (nlogyn)™® and g(n) = n'*% + 0.5,/log, n. Which of the following is true?

(A) g € O(f)
(B) f€6(g)
(C) g €olf)
(D) f €o(g) CORRECT

10. Same as above.

11. What is the worst-case number of comparisons of keys performed by unsuccessful sequential

search on an n-element ordered array?



12.

13.

14.

15.

16.
17.

Same as above.

What is the average-case number of comparisons of keys performed by successful binary search
on an n-element ordered array?

(A) [5]

(B) [logyn] +1

(C) log (n +1)—1+0(1) CORRECT
(D) n—

A

Same as above.

What is the average number of comparisons of keys that InsertionSort performs while sorting
an n-element array?

(A) n?logn
n(n+1
(B) (4+)
n—1)(n+42
(€) =
(D) 2=l 4 sl i CORRECT

4 =1 41

Same as above.

Let C be a class of sorting algorithms that remove at most one inversion after each comparison.
Which of the following is a lower bound on the average number of comparisons of keys that
every algorithm on C' must perform while sorting an n-element array?

(A) n?logn
n(n+1

(B)

(C) =L CORRECT
n(n—1 n—1 1

(D) % + ¥ gy



18. Same as above.

19. What is the shortest ipl (the internal path length) in any binary tree on n nodes?

(A) ipl =30, g ]
(B) ipl = (n+1)|lgn]| — 2lenl+1 4+ 2

(C) ipl = (n+1)(Ig(n+1) +e(n + 1)) — 2n, where
e(n)=1+0—2%and 0 = [Ig n] —Ig n.

(D) All the above. CORRECT

20. Same as above.

21. How many comparisons of keys are performed in the worst case during the execution of
Mergesort on an n-element array?

flogy n] -+ 1) — 21

[logy(n + 1) + 1) — 2loga(n+ 1)

log,(n + 1)] — 2Mee2(*+D1 1 1 CORRECT

log, n| — 2es2m) 41

(A) n
(B) n(
(C)
(D)

nf
n|
22. Same as above.

PART II: ESSAY-TYPE QUESTIONS

23. Prove by induction the following equality:

Answer (Based on Chapter 3, Section 3.4).
Basis step (n = 1)

n 1

YRi-1)=)@i-)=2x1-1=1=0’



Inductive step

§<2i—1)=i(2i—1)+2(n+1)_1:

(by inductive hypothesis)
=n’4+2n+1)—1=n*+2n+1=(n+1)?

24. Prove that for every integer n > 1,

|logyn] +1 = [logy(n + 1)].

Answer

|Log2[n] | £ Log2[n] < |[Log2[n]] +1

glLog2[n]] ¢ 9Log2[n] . 5lLog2[n]]+1

gllog2[n]] o , . glLog2[n]|+1

2|_Log2[n]] < n+l< 2|_Log2[n]]+1

Log2 [21L°g2[““] < Log2[n+1] £ Log2 [21L°g2[““"1]

|Log2[n]] < Log2[n+1] £ |Log2[n]] +1

lLeg2[n]] < [Log2[n+1]] £ |Log2[n]] +1

[Log2[n+1]] = |Log2[n]] +1

25. Find a best-case array E with 15 distinct elements for Quicksort. How many comparisons did

QuickSort made while sorting that array?

Answer

E ={8,4,12,2,6,10,14,1,3,5,7,9, 11,13, 15}

The number of comparisons is:

B(15) = fjugzj.



26.

In[18]:=

> ILog2[i]}

Out[18]=

Using Mathematica, one gets: 34

Graduate Credit Prove that for any integer b, ¢ > 2, if
f(n) c Q(nlogc b+e)

for some positive €, and

f(n) c O<nlogC b+§)

for some 0 > ¢, then any solution of the recurrence equation
n
7(n) = 07(") + 7n)

satisfies

T(n) € ©(f(n)).

Answer See proof of Theorem 3.17 case 3 in your textbook, Chapter 3 Section 3.7.1. page
139.



