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Graphs
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Definitions and Representations

A Minimum Spanning Tree Algorithm
A Shortest-Path Algorithm

Traversing Graphs and Digraphs
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Algorithm
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A h (b) Two minimum spanning trees.
(a) A graph.

Figure 4.12 Minimum spanning trees. \
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F . The equivalence classes are

graph
(13,14,15,16}, (3}, {4, and {12}

Figure 8.11 The darkened edges are in the sub

(1,2,5,7,10,11, 17}, {6, 8,9}



Lemma 8.8 Let F be a forest; that is, any eadizested acyclic graph. Let ¢ = vw be an

edge that is not in F. There is a cycle consisting of ¢ and edges in / if and only if v and w
are in the same connected componem of F. O
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Theorem 8.9 | Let G = (V, E, W) be a fveighted sl graph, Let F C E. If F is
contained in inimum spanning trec culipiame for & and if ¢ is an edge of minimum

spanning free-eoleetmn for G. O
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vertices

(a) A weighted graph. (b) The tree and fringe after the
starting vertex is selected.

O——O Tre ety

O === =) Edges to fring

Fringe
vertices

{c) After selecting an edge

— and vertex. BG is not
shown because AG is a better

- choice (has lower weight) to
reach G.




The Dijkstra/Prim algorithm @, -4 of €#f5€
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to some vertex in the tree.
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Select an arbitrary vertex to start the tree;
while there are fringe vertices do
select an edge of minimum weight between a tree vertex and
a fringe vertex;
add the selected edge and the fringe vertex to the tree
end




Algorithm 4.1 Minimum spanning tree (Dijkstra/Prim)

Input: G=(V,E,W),a weighted graph.
Output:  The edges in a minimum spanning tree.

[ Initialization }
Let x be an arbitrary vertex.
Vri=(x} Er =@;
stuck := false;
| Main loop; x has just been brought into the tree.
Update fringe and candidates. Then add one vertex and edge. }
while V = V and not siuck do
[ Replace some candidate edges. |
for each fringe vertex y adjacent to x do
if W(xy) <W(the candidate edge e incident with y) then
xy replaces e as the candidate edge for ¥
end { if }
end { for J;

| Find new fringe vertices and candidate edges. |
for each unseen y adjacent to x do
¥ is now a fringe vertex;
Xy is now a candidate
end { for |;
{ Ready to choose next edge. |
if there are no candidates then stuck := true [no spanning tree};
else
{ Choose next edge. }
Find a candidate edge, e, with minimum weight;
x := the fringe vertex incident with e;
Add x and e to the tree;
{ x and e are no longer fringe and candidate. |
end { if )
end { while }
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Fringe

{b) After selection of
the starting veriex.

{c) BG was considered but did not
replace AG as a candidate,

IF hais replaced AF candidate, ) After several more passes. The two candidate
@ . “ “Mﬁllhﬂhdﬂm.

Figure 415 An example for the minimum spanning tree algorithm.




Fringe

(a) A weighted graph (b) After selection of the (¢) BG was considered but
starting vertex did not replace AG as a
candidate,

Fringe Tree

(d) After AG is selected and (e) IF has replaced AF asa  (f) After several more passes:
fringe and candidates are candidate. The two candidate edges will
updated be put in the tree.

Figure 8.4 An example for Prim’s minimum spanning tree algorithm.

Exercise 8.9, where we discover that the worst case is worse than ®(n%). Can we do any
better?
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Shaded entries in fringeLink
are no longer in use. fringeList = I.

(Adjacency lists not shown.
Nodes are assumed to be in
alphabetical order within each list.)
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primMST(G n) // OUTLINE

Initialize the priority queue pqg as empty.

" Select an arbitrary vertex s to start the tree:

i Set its candidate edge to (—1, s, 0) and call insert(pg, s, 0).
" While pq is not empty:

' v = getMin(pq); deleteMin(pq);

Add the candidate edge of v to the tree.
updatefFringe(pq, G, v);

updatefringe(pq, G, v) // OUTLINE
- For all vertices w adjacent to v, letting newWgt = W (v, w):

If w is unseen:
Set its candidate edge to (v, w, newWgt).
insert(pqg, w, newWgt);

Else if newWgt < fringeWgt of w:
Revise its candidate edge to (v, w, newWgt).
decreaseKey(pg, w, newWgt);
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A Shortest-Path Algorithm

The weight of a path v, v,, ... v ina weighted graph
G=(V,E, W) is Ef':‘ﬂ'W(v‘- Vit1)

The distance from a vertex x to a vertex y, denoted d(x,y),
is the weight of a  shortest path from x to y.



Tree vertices: in the tree constructed so far.
Fringe vertices: not in the tree, but adjacent to some vertex in the tred

Unseen vertices: all others.

dist[y] = d(v.y) | for y in the tree,
dist[z] = d(v,y)+W(yz) for z on the fringe,

where yz is the candidate edge to z.
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dia, B) + W(BC) =€

diA, A) + WIAG) = 5

diA, A) + WAF) =9
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dijkstraSSSP(G, n) // OUTLINE
Initialize all vertices as unseen.
Start the tree with the specified source vertex s; reclassify it as tree;
define d(s, s) = 0. | -
Reclassify all vertices adjacent to s as fringe.
While there are fringe vertices: |
Select an edge between a tree vertex ¢ and a fringe vertex v such that
(d(s, t) + W(tv)) is minimum;
Reclassify v as tree; add edge tv to the tree;
define d(s, v) = (d(s, 1) + W(tv)).
Reclassify all unseen vertices adjacent to v as fringe.






