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It’s hard to believe how many people that have rather fuzzy idea of some of the above are quick to express their categorical, albeit erroneous, opinions in these matters.

I use the barber’s construction to help my students memorize the elegant proof of the Cantor’s theorem stating that there is no surjection from a set A onto its power ser P(A) (or, in other words, that the cardinality of P(A) is greater than the cardinality of A).

Here it is.

Let A be a set (think of it as a not necessarily finite town whose elements are adult men that need to be shaved once in a while) and let F be a function that assigns to each man x in A a set of  men in A that  x is supposed to shave. It suffices to prove that F is not surjective.

Let B be the set of all the men in A that do not shave themselves. More formally let


B = {x  A |  x  F(x)}

B is a subset of A, so B  P(A). 

Let’s assume that F is surjective on P(A). Then there exists an element barber in A such that


B = F(barber)

Now, barber shaves himself iff (by the definition of function F) barber  F(barber) iff (by the above equality) barber  B iff (by the definition of set B) barber doesn’t shave himself (or, more formally, barber  F(barber)) – a contradiction.

Hence F is not surjective. Q.E.D.

The above construction is about as “paradoxical” as, for instance, this tautology:


(p & ~ p) => q

What does the above construction have to do with the Russell’s contradiction that he used while showing, in a letter to Frege dated June 16, 1902, that an instance of Frege’s comprehension axiom “For every formula p(x) with only one free variable x, there is a set {x | p(x)}” (see Footnote 1 below) is self-contradictory, namely, that the set


U = {x | x   x}

is its own element iff it’s not its own element?

Very little, except for superficial similarity.

For one, the set U does not exist, while the set B does exist. Even if all elements of U are required to be sets, U is known to be a proper class (not a set, that is), usually referred to as the universal class or the class of all sets. (For those not familiar with the set theory, the regularity axiom implies that for every set x, x  x; this is why U contains all sets.)

How dramatically different it is from B that is but a subset of A! And no (invalid) trick, like trying to “interpret” symbol  in definition of U as “does not shave” in order to arrive at B, will change that.

Yet surprisingly many people claim that barber’s construction is a version of Russell’s contradiction, some even crediting Russell for the invention of barber’s (see Footnote 2 below). Here is an excerpt (page 44) from one of the textbooks currently used in Math Department, which begins with rather odd formulation of the Russell’s contradiction:

“Some sets are elements of themselves [sic!] and some are not […]. Now let F be the set [sic!] of all sets that are not elements of itself. It is easy to answer the questions “Is I [the set of ideas, according to the text]  F?” and “Is R [the set of reals]   F?” (The answers are “no” and “yes,” respectively.) But it is not easy to answer the question “Is F  F?”

I hope you see all the subtle errors in the above quotation. First the “set” F does not exist (is an element of the empty set, if you will). Moreover, as a non-existing entity, it (vacuously) satisfies every property and its negation. In particular, the complete set of answers to all three questions posed there is “yes” and “no” to each question. Just like the question: “Is every element of the empty set a pink elephant?” has both “yes” (is a pink elephant) and “no” (is not a pink elephant) correct answer. 

Then, on the same page, it continues:

“There are many versions [sic!] of Russell’s paradox. Probably the most famous is the tale of the barber.

In a small town, the male barber shaves exactly those men who do not shave themselves. Who shaves the barber?” 

Needless to say, the textbook doesn’t indicate that there is no such barber (although the set B of “those men who do not shave themselves” does exist), so that any question about the barber has the “yes and no” correct answer. Also, a paradox can be either just a counterintuitive but otherwise true statement (for instance, the Banach-Tarski theorem of “paradoxical” decomposition of ball belongs to that category) or an actual (self)contradiction, but the textbook doesn’t give much hints which are which, never mind any indication of what exactly is the thing that the contradiction in question does contradict. As if it weren’t enough, (on page 45) the text throws in the liar’s paradox (“This sentence is false”) with only this comment:

“Notice that this paradox and Russell’s both involve a self-referential statement or definition”

which may wrongly suggest that self-referentiality is the reason of the self-contradiction contained in the liar’s paradox, while, according to Tarski’s theorem (truthfulness/falsehood of formulas of a formal language is not definable within that language), the reason here is the use of the undefinable adjective “false”. Besides, the set B defined above belongs to that category but there is noting contradictory about B!

(For those who are familiar with the subject, what is the common feature of Cantor’s proof, barber’s construction, and Russell’s contradiction is the diagonal reasoning.)

Can anyone at his right mind expect our students who use this textbook to figure out for themselves how things really are? I would be really surprised if they did.

___________________

Footnotes 1. Frege’s comprehension axiom was abandoned some 100 years ago and replaced with “For every set A and formula p(x) with only one free variable x, there is a set {x  A | p(x)}”. As a result, one cannot conclude the existence of the set {x | x   x} from the axioms of set theory, anymore.

2. It’s worth noting that (reportedly) Russell once thought that Cantor’s theorem was contradictory, too, until Cantor (reportedly) explained him that his theorem did not apply to what we now call “proper classes”. Later, analyzing Cantor’s argument, Russell (reportedly) discovered his contradiction (a.k.a. the Russell’s paradox). I am not aware of any credible proof that barber’s construction was invented or even used by Russell; if any one then Cantor deserves the credit for it.  

If there are any errors here, please let me know at Suchenek@csudh.edu
