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Priority-Based Data Preservation in Challenging
Environments: A Maximum Weighted
Flow Approach

Giovanni Rivera

Abstract—We address the challenge of preserving large
volumes of sensory data with varying priorities in resource-
constrained and challenging environments such as underwater
exploration and climate monitoring. We establish a new algo-
rithmic framework called priority-based data preservation (PDP),
which comprises two network flow problems that have not been
adequately studied. We refer to them as maximum weighted
flow with uniform cost (MWF-U) and maximum weighted flow
with heterogeneous cost (MWEF-H), respectively. We design inte-
ger linear programs, efficient optimal, approximation, heuristic,
and distributed algorithms to solve MWF-U and MWF-H.
Extensive simulations show that our algorithms outperform
classical maximum-flow algorithms (e.g., Edmonds-Karp and
push-relabel) that do not consider data priority, preserving
between 33.29% and 66.7% more total data priority.

Index Terms—Maximum weighted flow, data preservation,
challenging environment, data priority, network flow.

I. INTRODUCTION

N THIS paper, we focus on emerging sensing applications,

including underwater or deep-sea exploration [16], deep
space exploration [64], underground pipeline or mine monitor-
ing [47], and volcano eruption monitoring [17]. One common
characteristic of these applications is that they are all deployed
in harsh, remote, or unattended areas, and high-power data-
collecting base stations cannot be deployed in the field. The
primary function of such a system, therefore, is to sense the
environment and store the sensory data inside the network until
uploading opportunities arise to collect the data for further
analysis and actuation. These opportunities include periodic
visits by unmanned aerial vehicles (UAVs) or drones [37],
data mules or robots [30], [55], or autonomous underwater
vehicles (AUVs) [24]. Because base stations are not present
in the field due to challenging environments, we refer to such
sensing systems as base station-less sensor networks (BSNs).

Meanwhile, traditional sensor networks have evolved from
single-data-type measurements to multi-functional infrastruc-
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tures with heterogeneous data types and modalities. For
example, in a recent IoT system for monitoring forest
ecology [12], various data types are used to measure the
environment, including scalar (e.g., temperature and humid-
ity), vector (e.g., object movement), and multimedia (e.g.,
cameras and acoustic sensors). In marine monitoring and fore-
casting [66], multiple underwater communication modalities
have been used, including acoustic, optical, and magnetic
induction.

Priorities of Sensed Data. Data types are application-
specific, and different types have distinct importance levels and
contribute differently to the functions of sensing applications.
For example, in volcano monitoring [17], [43], the collected
data include seismic, infrasonic (low-frequency acoustic),
and temperature data. While all data help scientists analyze
volcanic activity, seismic and infrasonic data are more cru-
cial than temperature data for interpreting key features of
a volcano, such as its scale and magnitude. Another factor
contributing to varying data priorities is data quality. In cloud
IoT platforms with heterogeneous data sources [49], some
data streams are noisier due to the data collection process
and thus have lower quality than others. Because processing
low-quality data consumes computing resources without sig-
nificantly improving application performance, it is better to
discard it.

Therefore, to balance performance and costs for modern
multi-modal, multi-type sensing applications, it is vital to
differentiate data by importance level based on their types
and quality. In this paper, we refer to such an importance
level as data priorities. Existing literature refers to this quality
as the value of information [24], [66] or data importance
[11].

Data Preservation in the BSN. When events of interest
occur in the BSN, sensors close by may collect data more
frequently than nodes far away. If drones and robots do
not arrive at the BSN field in time to upload data due to
unpredictable factors, such as inclement weather, sensor nodes
could run out of storage space. We refer to data-generating
nodes with depleted storage as data generators (DGs), and
to the newly generated data that DGs cannot store locally
as overflow data. To avoid data loss, overflow data must
be offloaded to nearby sensor nodes with available storage
(referred to as storage nodes) for temporary storage. We call
this process data preservation in BSNs. The preserved data
will then be collected upon the drones’ and robots’ arrival.
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See [37], [48] for different techniques for how drones and
robots collect data from the sensor field.

Research Challenges. However, preserving all the overflow
data in challenging environments is not always possible. When
a BSN has been operating for a long time, the energy and
storage capacities of the sensor nodes could reach critical
levels.! With insufficient storage, some overflow data must
be discarded in the data preservation process, causing data
loss. With limited battery power, sensor nodes could soon
deplete their energy, leading to network partitioning in the
BSN and preventing data preservation. When not all overflow
data can be successfully preserved in the BSN, finding an
energy-efficient data-preservation process that maximizes the
total preserved priority, subject to the sensor nodes’ storage
and energy constraints, becomes a challenging new problem.

Our Contributions. We tackle this challenge by establish-
ing a new algorithmic framework called priority-based data
preservation (PDP). To solve the PDP, we incorporate BSN
characteristics (i.e., sensory data and their priorities, energy
and storage of sensor nodes) into a flow network [4], and
study a network flow problem called maximum weighted flow
(MWF). In MWEF, multiple source nodes have limited send-
ing capacity, and multiple sink nodes have limited receiving
capacity. Unit flows from different source nodes have distinct
weights, and flows from any source node can be routed to
any sink node. The goal of the MWF is to maximize the total
weight of flows from source to sink nodes.

Under a simplified energy model, PDP gives rise to the
MWEF with uniform cost (MWF-U). MWF-U generalizes the
classical maximum flow (MF) problem [14], in which each
unit of flow has the same weight and the goal is to max-
imize the total number of units of flow. We design an
optimal, efficient algorithm to solve MWF-U. We find that in
MWF-U, a maximum weighted flow is a maximum flow, but a
maximum flow is not necessarily a maximum weighted flow.
Consequently, the well-known max-flow min-cut theorem [14],
which provides an optimality condition for all the maximum
flow algorithms, is not optimal for MWF-U. We propose a
max-weight min-cost theorem to establish a new optimality
condition for MWEF-U.

Under a more realistic energy model, PDP yields the MWF
with heterogeneous cost (MWF-H), where unit flows from
different source nodes not only have distinct weights but also
cost different amounts of edge capacity. We prove that MWF-
H is NP-hard and design a 2-approximation algorithm under
some conditions. In MWF-H, the capacity of an edge must be
greater than or equal to the linear combination (i.e., weighted
sum) of the unit flows on that edge. As such, a maximum
weighted flow need not be a maximum flow to achieve the
maximum total weight.

The limited capacities of the source and sink nodes in
MWEF-U and MWF-H are uniquely derived from PDP: DGs
have finite overflow data packets, storage nodes have limited
storage capacity, and all are energy-constrained. This raises
another interesting question: whether it is possible to send all

'We assume the battery power of sensor nodes is not replenishable, and
we are aware of extensive research that studies how to recharge sensor nodes
either wirelessly [38] or using solar power [54].
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available flows from the sources to the sink nodes (if so, MWF
becomes trivial). In contrast, the existing MF and MWF [45]
problems do not entail such feasibility checks.

We further design a distributed data-preservation algorithm
that achieves optimal data priorities with time and message
complexities of O(kn?) and O(n’m), respectively, where n, m,
and k are the numbers of nodes, edges, and DGs, respectively.
In extensive simulations, our priority-based data preservation
algorithms outperform classical maximum-flow algorithms
that do not consider data priority (e.g., Edmonds-Karp [14]
and push-relabel [25]) by yielding between 33.29% and 66.7%
more total preserved priority.

Paper  Organization. Section II  discusses the
state-of-the-art. In Section III, we formulate the PDP,
MWEF-U, and MWF-H, and study their feasibility conditions.
Section IV and V present efficient optimal and approximation
algorithms to solve MWF-U and MWF-H, respectively.
Section VI solves PDP by connecting it with MWF-U and
MWE-H. Section VII presents the distributed data preservation
algorithm. In Section VIII, we compare our algorithms with
existing works and discuss the results. Section IX concludes
with future research.

II. RELATED WORK

Multi-Commodity Flow (MCF). MCF [4], [46] studies
the pairwise routing of distinct types of flows (i.e., com-
modities) from their respective sources to destinations, and is
a one-to-one model. MWF is instead an any-to-any model,
in which flows from any source can be routed to any sink.
As such, the solution techniques for MWF and MCF are
very different. The closest MCF problem to ours is maximum
weighted MCF (MW-MCF) [23], [33], wherein source-sink
pairs have different weights, and the goal is to maximize
the total weight of the flows. MW-MCF is APX-hard, which
implies that no constant-factor approximation algorithm exists
unless P=NP. We instead show that MWF-U can be solved
optimally and efficiently on general graphs.

Chekuri [10] studied multicommodity demand flow, where
each source-destination pair has a request demand and a profit,
and the goal is to find a set of pairs that maximizes profit
while the demands of different pairs are constrained by the
edge capacity. The request demands resemble the unit flow
costs in MWF-H. However, they assume unplittable flows, in
which each pair’s request is either satisfied or unsatisfied. The
MWF-H instead assumes splittable flows, allowing some over-
flow data packets from each source node to be preserved. They
focused on a tree topology and proposed a 4-approximation
algorithm using path-coloring techniques. Instead, we propose
a polynomial-time 2-approximation algorithm for solving the
MWEF-H on general graphs under certain conditions.

Rothfarb et al. [45] and Exercise 17.15 in [4] are the first
to study the maximum weighted flow. MWF-U and MWF-H
differ from them due to the limited capacities on the source
and sink nodes. As such, it first needs to check whether it is
feasible to push all available flows from the sources to the
sink nodes in MWF-U and MWF-H.

Data Preservation in the BSN. Various data preservation
techniques have been proposed considering that nodes have
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TABLE I
SUMMARY OF PRIORITY-BASED FLOW PROBLEMS. MWF: MAXIMUM WEIGHTED FLOW. MPF: MAXIMUM PRIORITY FLOW

MWEF-U and MWF-H Lexicographic Flow

MPF Priority-based Max-Min Flow

Setup Priorities on flows Priorities on edges

Node-specific edge priorities Priorites on flows

Goal

Maximize total weight of flows | Maximum priorities on edges

Maximize the value of priority flow | Fairness with priority awareness

limited battery power [28], [29], [51]. When there is insuffi-
cient available storage in the BSN to store all the overflow
data, an aggregation technique has been proposed, and the
problem is modeled as a traveling salesman placement prob-
lem [50], [52]. Considering that sensor nodes are intelligent
and selfish, Rivera et al. [44] studied the performance of Nash
Equilibria for data preservation, and Yu et al. [63] motivated
selfish sensor nodes to achieve truthful and optimal data
preservation using an integrated game-theoretic and network-
flow approach.

None of the above works considered data priorities in the
data preservation process, which is the topic of this work. Our
conference paper [62] studied MWF-U. This paper extended
it by considering a more general and realistic energy model,
with deeper theoretical and experimental analyses.

Drone-based IoT and Sensor Networks. Autonomous
drones have been utilized to monitor and gather data from IoT
and sensor networks [8], [15], [37], [48], [56]. For example,
Li et al. [37] focused on buffer overflows at ground sensors and
studied how to schedule drones to minimize the overall data
packet loss. Our work is orthogonal to theirs: to prevent data
loss during a buffer overflow, overflow packets are offloaded to
nodes with available buffer space. Besides, none of the above
works consider preserving data with different priorities when
sensor nodes have minimal battery power.

Another line of work studied how to deploy and sched-
ule drones for disaster monitoring to maximize monitoring
rewards subject to the drones’ battery capacity [57], [58], [59],
[60], [61], [65]. They formulated and solved various team ori-
enteering problems [9], [53]. Our approach complements theirs
by focusing on the sensor nodes’ limited battery capacity.
Because drones can be conveniently recharged (upon returning
to the base station), whereas sensor nodes cannot, our approach
is more relevant to data preservation in BSNs.

Priority-Based Techniques. In the theory community,
researchers have considered edge priorities in maximum flow
problems. Kozen [34] studied a lexicographic flow problem
wherein edges are assigned priorities, and the goal is to find
a lexicographically maximum flow concerning such priority
assignment. As stated in [34], a lexicographically maximum
flow is not necessarily a maximum flow. Another problem,
maximum priority flow, is studied in [2] and [5]. In this
problem, each node specifies a priority ordering of the edges
leaving it, and flows leaving the node always go through
higher-priority edges before lower-priority ones. Neither work
considers assigning priority to each flow. The most closely
related work is by Fatourou et al. [21]. They studied priority-
based max-min fairness, in which each session has a priority,
and the goal is to assign each session the maximum possible
rate corresponding to its priority. However, they focus on
classical max-min fairness theory, which differs from our goal

of maximizing the total weight of all flows. Table I summarizes
various priority-based techniques.

A few works in the sensor network community study
priority-based data dissemination. Gjanci [24] proposed a
distributed heuristic for path-finding in an AUV collecting data
with decaying values in underwater sensor networks. However,
they did not consider the sensor nodes’ energy and storage
constraints. Kumar [35] addressed how to deliver data with
different importance (priority) in congested sensor networks.
Kim [32] proposed a quality-of-service MAC protocol based
on data-transmission priority levels. However, it assumes data
is transmitted directly to the base station. In contrast, our
unique BSN model and data priorities require new algorithms
and solutions for priority-based data preservation.

Security, Data Integrity, and Fault-Tolerance in Harsh
Environments. As BSNs are deployed in challenging and
sometimes adversarial environments (e.g., battlefield), prevent-
ing data manipulation and false data injection from malicious
nodes becomes critical. By exploiting the unique characteris-
tics of the BSN, our system can prevent false priority injection
and data manipulation using three existing approaches. First,
legitimate sensor readings usually exhibit spatial and temporal
correlations, which can be used to perform correlation analysis
to prevent fault-data-injection attacks [36]. Second, because
BSNs use multi-hop routing, intermediate nodes along the
data-offloading path can perform basic validity checks on
the data packets they forward [40]. Third, because wireless
communication is a broadcast medium, a sensor node can
“overhear” messages from all of its neighboring nodes. This
can be used to develop a reputation system that detects mali-
cious nodes among others [22]. Our system assumes that such
security mechanisms are in place to ensure flow optimization
and that preservation results are not distorted. Finally, existing
research has studied how to detect faulty nodes based on
a mismatch between sensing readings and distance readings
[26] and how to detect communication link failures using
a Kalman-consensus filtering approach [39]. Their research
complements ours: once faulty nodes or links are detected, our
algorithms can be activated to recompute data preservation.

In summary, existing weighted-flow and network utility
maximization studies aim to maximize weighted throughput
under capacity constraints, whereas our work focuses on
preserving sensor data with heterogeneous priorities under
joint energy and storage constraints. Unlike minimum-cost
flow formulations, where costs are associated with edges and
the objective is to minimize transportation cost, the proposed
MWF formulations assign priorities to source-generated data
and maximize the total preserved importance. Priority-aware
routing and packet scheduling approaches similarly consider
differentiated traffic classes but typically rely on heuristic
prioritization policies and offer no optimality guarantees. In

Authorized licensed use limited to: California State University Dominguez Hills. Downloaded on October 07,2026 at 17:15:33 UTC from |IEEE Xplore. Restrictions apply.



7094

contrast, our framework establishes a flow-theoretic foundation
for priority-aware data preservation, including polynomial-
time optimality results for MWF-U, a Max-Weight Min-Cost
equivalence theorem, and approximation guarantees for the
NP-hard MWF-H.

III. PRELIMINARY

We formally define the PDP, MWF-U, and MWF-H. We
also study the feasibility conditions of MWF-U and MWF-H.

A. Priority-Based Data Preservation (PDP)

Network Model. The BSN is represented as an undirected
graph G(V,E), where V = {1,2,...,|V|} is n uniformly
deployed sensor nodes, and E is the set of m edges.
An edge connects two sensor nodes if they are within
each other’s transmission range and can thus communicate
directly. There are k data generators (DGs), denoted as V; =
{DG,DG,,...,DG;} c V. The remaining nodes are storage
nodes, denoted V. The sensory data are modeled as a sequence
of raw data items, each of unit size. Data items generated at
DG; all have priority value v;, indicating their importance or
quality in a specific application. Let d; denote the amount of
overflow data at DG; that needs to be preserved. Let m; be the
available free storage space (in terms of number of data items)
at sensor node i € V. If i € V,, then m; = 0; if i € Vj, then
mi>0.Letd =Y~ dand m = 2 iy, M. Our techniques
apply to both cases of m > d and m < d.

In this work, we assume that data priorities are known
a priori and remain fixed during the preservation interval.
This assumption is reasonable for many environmental sensing
applications, where domain experts determine the relative
importance of different data modalities (e.g., seismic versus
temperature measurements), and priorities change slowly rel-
ative to the data-preservation timescale.

Energy Model. Each sensor node i has finite and unreplen-
ishable initial energy E;. We consider two energy models.

o Uniform Energy Model. Any node involved in preserving a
data item, whether it’s sending, relaying, or finally receiving,
costs the same amount and one unit of energy. The energy
consumption of preserving a data item thus equals the number
of nodes involved in the process. This is a good approximation
for uniformly deployed sensor nodes.

e General Energy Model. The first-order radio model [27]
is a more general energy model for wireless communication.
For node i sends a b-bit data to node j over their distance ; ;,
the transmission energy incurred at i is E,(b, l,-,j) = Egpee X
b+ €mp X b x ll%j, and the receiving energy incurred at j
is E (k) = E.e. X k. Here, E.,. = 100nJ/bit is the energy
consumption per bit on the transmitter circuit and receiver
circuit, and €, = 100 pJ /bit/m? is the energy consumption
per bit on the transmit amplifier [52].

Problem Formulation. Let D = {Dy,D,,...,D,} denote
the set of g overflow data items in the entire network. Let
s(j) € V4, where 1 < j <d, denote D;’s DG. The PDP decides:

e a subset of data items D € D to preserve, and

e preservation function r : D — Vj, indicating that D; € D
is offloaded from s(j) to its destination node r(j) € V, and
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TABLE I
NOTATION SUMMARY

Notation ~ Explanation

G(V,E) BSN graph with |V| = n sensor nodes and [E| = m edges
E; Initial energy of node %

m; Storage capacity of node ¢

m Total storage spaces available, m = >, v, Mi

E! Remaining energy of node 7 after data preservation
Vi Set of k = |Vy| DGs

DG, i" DG, 1<i<k

Vs Set of storage nodes

d; Number of overflow data items at DG,

v; Priority of each data item at DG,

d Total number of overflow data items, d = Zle d;
D The entire set of d overflow data items

D jth overflow data item

D D C D is the set of preserved data items

Tij Energy cost of node % in preserving D

s(7) DG node of data item D

r(j) Destination node of Dj; it is a storage node

P Preservation path of D;

S s; € S is the set of source nodes in a flow network
T t; € S is the set of sink nodes in a flow network
c; Cost of s;’s unit flow in MWF-H, ¢; = 1 in MWF-U
ca(u,v)  Capacity of the edge (u,v)

f(u,v) Number of unit flows on edge (u,v)

fi(u,v)  Number of unit flows of s; on edge (u,v)

Vs The total weight of the flow f

Vi The maximum value of Vy: V' = Ele(di - ;)

@ Dataltem

®

Sensor Node 1 2
Energy Level 1 1 2 2
Data Priority 3 1

Storage Space

Fig. 1. Illustrating the PDP problem.

e preservation path of D; € D, referred to as P;
s(j),...,r(j), a simple path (i.e., a set of distinct sensor nodes)
along which D; is offloaded from s(j) to r(j).

Let x;; be the energy cost incurred by sensor node i in
offloading D; from s(j) to r(j). Let E7 denote i’s energy level
after the data preservation; E/ = E;— ) p,ep Xij- The objective
of PDP is to find a subset of data items D C D, the correspond-
ing storage node r(j) of D; € D, and the preservation path P;
of D; between s(j) and r(j), such that the total priorities of
the preserved data is maximized, i.e., maxp ) D,eD Vs(j)» under
the node’s energy constraint, i.e., E; > 0,V i € V, and storage
capacity constraint, i.e., [{j|r(j) =i,D; € D} <m;,¥ i € V,.
Table II lists all the notations.

Example 1: Fig. 1 gives a small linear BSN with four nodes.
Nodes 1 and 2 are DGs, each with two overflow data items
to preserve and an initial energy level of 1. Nodes 3 and 4
are storage nodes; each has 2 available storage spaces and an
initial energy level of 2. The priorities of the data items in
nodes 1 and 2 are 3 and 1, respectively. Under the uniform
energy model, the optimal solution, which is also a maximum
flow, is to offload one data item from node 1 to node 3,
preserving the priority of 3.

For the general energy model, we consider a simplified
version where sending or receiving a data item costs 0.5 units
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of a sensor node’s energy. That is, the energy consumption of
preserving a data item equals the number of edges it traverses.
The optimal solution is offloading one data item from node 1
to node 3, resulting in a total preserved priority of 3. The
maximum flow would be to offload 2 data items from node 2
to node 3, yielding a total preserved priority of 2. O

Time-Critical Scenarios. Our model can be extended to
accommodate time-critical, deadline-constrained data by fac-
toring data freshness into a time-slotted data preservation
process. We can assume that data with hard deadlines has the
highest priority, and define the priority value of data packets
at time slot ¢ as v;(t) = v;/(t — u(t)), where u(t) is the time
the packets are generated at DG;. For packets with a delivery
deadline 74, they will be discarded if t — u(t) > t,.

B. MWF-U and MWF-H

Let G = (V,E) be a flow network, a directed graph with
k source nodes S = {s1,52,...,5:) C V and [ sink nodes
T = {t1,t5,...,444 € V. The rest of the nodes in V\ S UT
are called transshipment nodes. Each unit flow represents a
data item to be preserved in PDP and cannot be further split;
a unit flow starting from a source node can end at any sink
node. The capacity of an edge (u,v) € E, denoted as ca(u,v),
represents the maximum amount of unit flows that can pass
through (u,v). Each unit flow from s; has a weight of v;,
indicating the importance of the flows generated by s;. Let
d= Zf:] d; and m = Zle m;. We use a function f; : E -» N
(nonnegative integers) to represent the amount of unit flows
of source node s; on (u,v) € E.

Definition 1 (Sending (Receiving) Capacity of Source (Sink)
Nodes): The sending capacity d; of source node s; € S is the
maximum number of unit flows it can send. The receiving
capacity m; of sink node t; € T is the maximum number of
unit flows it can receive. In PDP, d; represents the number
of overflow data items of DG; and m; the storage capacity of
storage node t;. m}

MWF-U. In MWE-U, each unit flow uses one amount of
edge capacity. Given a valid flow of all the k source nodes f =
{fi,..., fr} and any edge (u,v), it must satisfy the following
four constraints in MWF-U:

1). Source node-specific flow conservation: ), fi(u,v) =
Yowey fiv,w), Yv e V'\ (S UT), 1<i<k.

2). Uniform edge capacity constraint: f(u,v) =
Zf:] fitu,v) < ca(u,v),Y(u,v) € E. This follows the
uniform energy model in PDP, where sending, relaying, and
receiving cost the same amount of energy.

3). Source node capacity constraint: For any source node
s;, its net flow |f;| < d; is the number of unit flows it sends
out; |fil = ey (fi(si,u) — fi(u, s;)). In PDP, |f;| is the number
of data items from DG; that are preserved.

4). Sink node capacity constraint: For any sink node ¢,
its net flow |f;| is the number of unit flows it receives:
Youev(filu, 1)) — fi(tj,u); 0 < |fjl < m;. In PDP, |fj| is the
number of data items preserved at ;.

Definition 2  (Total Weight of a Flow f): The total
weight of a flow f, denoted as Vy, is the sum of weights
of the net flows out of all the source nodes. That is,

V= Y5 X UAD = 28 v X Y e (st u) = fu, 50)). Vs
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has its maximum value of V}' = Zle(di -v;), when all the
flows from all the source nodes are successfully sent. o

The goal of the MWF-U is to find a valid flow f from S
to T such that V; is maximized. We present an optimal and
efficient algorithm to solve MWF-U in Section IV.

Example 2: Fig. 2(a) shows a flow network with two source
nodes s; and s, and two sink nodes #; and t,, with v; = 3,
vy =1,d; =dy =2, and m; = mp = 2. All the edge capacities
are 2. The optimal MWF-U solution is for s; to send two unit
flows to t;, with V¢ = 6. O

MWF-H. MWF-H considers that different unit flows may
use different amounts of edge capacity. This is based upon
the general energy model in the PDP, in which a sensor node
spends different amounts of transmission energy when sending
data items to nodes at different distances. Define the cost of a
unit flow as the amount of edge capacity this unit flow uses;
a unit flow from s; uses ¢; € NT (positive integer) amounts
of edge capacity. When ¢; = 1, it becomes the uniform edge
capacity constraint in MWF-U. A valid flow f = {fi,..., fx}
in MWF-H satisfies all the constraints of MWF-U except for
2), which is replaced with

k
fav) =Y (fiw) - c) < ca(u.v). (1

i=1
We refer to it as generalized edge capacity constraint
(GECC), which shows that the capacity of an edge must be
greater than or equal to the weighted sum of the unit flows on
that edge. The goal of the MWF-H is to find a valid flow f

from S to T to maximize Vy under these four constraints.

Example 3: For Fig. 2(a), consider an MWF-H instance by
adding ¢; = 2 and ¢, = 1. Its optimal solution is for s; to send
one unit of flow to 7, giving V; = 3. O

C. Feasibility Conditions for MWF-U and MWF-H

Before solving MWF-U and MWF-H for any flow network
G(V,E), we need to determine whether they are feasible; that
is, not all unit flows at source nodes can be sent. Thus, we
need to find the maximum flow in G for MWF-U and MWF-H.

Capacity-Restricted Flow Network (CFN) G’. To find the
maximum flow in G, we need to represent the source node’s
sending and the sink node’s receiving capacities as edge capac-
ities in the flow network. We thus transform G into another
capacity-restricted flow network (CFN) G’(V’, E’) as follows.
We add into G a super source s and directed edges (s, s;) with
capacity ca(s, s;) = d;, | <i <k, and add a super sink ¢ and
directed edges (t;,t) with capacity ca(tj,t) = mj, 1 < j < L.
That is, V/ = {sfUV U {t}, E' = U (s,s) UE ui.:l (t;, D).
Fig. 2(b) shows the G’ transformed from the G in
Fig. 2(a). CNFs are also used in Section IV and V to compute
the maximum weighted flow in MWF-U and MWF-H once
feasibility is established.

Feasible Augmenting Path in G’. Given a CFN G’ with a
current flow of f, any augmenting path p from s to 7 in
its residual graph G, must go through exactly one source
node s; and one sink node ¢;. However, due to the limited
sending (receiving) capacities of the source (sink) nodes, not
all augmenting paths can be used to further increase flows.
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Fig. 2. (a) flow network G, (b) capacity-restricted flow network G’, (c) residual graph after running Algo. 1 on G’, (d) residual graph after running Algo. 2
on G’, and (e) flow network G” for minimum cost flow (in each parenthesis, the first value is edge capacity and the second is edge cost).

Algorithm 1 Maximum Flow Algorithm for MWF-U

Input: a CFN G'(V’, E’) with S, T, d;, m;.
Qutput: the maximum flow |f].

Notations: f: current flow from s to ¢ in G’;
|f]: the number of unit flows in f;

G}: residual graph of G’ with flow f;

L Y(u,v) € E, fu,v) =0, |f| =0, G, =G";

2: while (G} has a shortest FAP p) do

3: Find the source s; and the sink ¢; p goes through;
4: Let ¢, be the minimum residual capacity along p;
5: Ap = min(d,;, m;j, 6p)

6: for (each edge (u,v) € p) do

7: fu,v) +=A,, f(v,u) —= A,; // Augment flow f
8: end for

9: |f| —+= Ap, d;, —= AP’ m; —= Ap;

10: end while

11: return: |f].

Definition 3 (Feasible Augmenting Path (FAP)): Given a
CFN G’ with a current flow of f, a feasible augmenting path
p in its residual graph G’ is an augmenting path that can be
used to further increase the flow from s to . Assume p goes
through a source node s; and a sink node #;; it must be that s;
still has unit flows to send, and m; still has capacity to receive
some unit flows. That is, f(s, s;) < d; and f(¢;,1) < m;. [ ]

MWE-U. Given a CFN G’ for an MWF-U instance, Algo. 1
computes its maximum flow by iteratively finding the short-
est FAP. In each round, it first finds the shortest FAP p,
and the source s; and the sink f; that p passes through
(lines 2 and 3). Next, it computes the amount of unit flows A,
that can be increased along p (lines 4 and 5). It then augments
the flow and updates the maximum flow amount |f]|, d;, and
m; (lines 6-9). This continues until no further FAPs are found,
and returns [f]. If |f| < d, the MWEF-U is feasible. The time
complexity of Algo. 1 is O(|V’| - |[E’]?). It is based on the
classical Edmonds-Karp maximum flow algorithm [14], except
that it must check that a shortest augmenting path is an FAP
for MWE-U. We refer to Algo. 1 as Modified Edmonds-Karp.

Example 4: Fig. 2(c) shows the residual graph after execut-
ing Algo. 1 on G’ in Fig. 2(b). It pushes two unit flows along
a FAP: s, 55, 1), and ¢, yielding a maximum flow of 2. As it
is less than 4, it is feasible. O

Theorem 1: Algo. 1 computes maximum flow for MWF-U.

Proof: For Algo. 1, its maximum flow for MWF-U is
based on the well-known max-flow min-cut theorem [14]. The
theorem states that the maximum amount of flow passing from

a source node s to a sink node ¢ is equal to the minimum
capacity of all possible cuts that separate s from ¢. For
Algo. 1, this happens when no feasible augmenting path can
be found from s to ¢. [

MWF-H. We can formulate the maximum flow problem in
MWEF-H as an integer linear program as follows.

k

maxy Y (filsi,u) = fiu, ;) )
i=1 ueV

st Y (filsiw) = filu, s)) S di)l i<k 3)
ueV
> (it = filtpw) <mil < j <1 (4)
ueV
D Sy =) fruwveV\(SUT) (5
ueV ueV
k
> (i v) - ) < ca(u,v)(u,v) € E (6)

i=1
Objective (2) maximizes the total number of flows. Ineqgs. (3)
and (4) indicate the source and sink node capacity constraints,
respectively. Eqns. (5) and (6) enforce source-node-specific
flow conservation and the GECC, respectively.

Example 5: The maximum flow in Example 3 is that s;
sends two unit flows to #{, giving V, = 2. O

For the same MWF-H instance, Example 3 achieves maxi-
mum weighted flow but not maximum flow, while Example 5
achieves maximum flow but not maximum weighted flow. We
thus have the following observation.

Observation 1: In MWF-H, the maximum weighted flow is
not necessarily a maximum flow, and a maximum flow is not
necessarily a maximum weighted flow.

IV. OPTIMAL ALGORITHM FOR MWEF-U

In this section, we first solve MWF-U optimally and effi-
ciently, and then provide an optimality condition for it.

A. Greedy Optimal Algorithm (GOA)

GOA viz. Algo. 2 runs on the CFN G’. It iteratively pushes
as much unit flow as possible from s to ¢ that passes through
each source node, sorted in non-ascending order of their
weights. This continues until no further feasible augmenting
paths (FAP) can be found, at which point it returns the flow
f and its total weight V;. Its running time is O(k - |V] - |EPP).

Example 6: Fig. 2(d) shows the residual graph after applying
Algo. 2 on Fig. 2(b). It pushes two unit flows along the feasible
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Algorithm 2 Greedy Optimal Algorithm (GOA) for MWF-U

Inmput: a CFN G'(V',E’), S, T, d;, v;, and m;.
Output: flow f and its total weight V.
Notations: G’: a capacity-restricted flow network;
f: current flow from s to ¢ in G';
G’ residual graph of G” with flow f;

1: Sort source nodes in non-ascending order of their weights.
WLOG, vi 2 vy > ... > v

2: Y(u,v) €E', Vi = f(u,v) =0, G} =G,

3: for (1 <i<k) do

4: while (G’ has a shortest FAP p going through s;) do

5: Find the sink node ¢; that p goes through;

6: Let ¢, be the minimum residual capacity along p;
7 Ap = min(d,-,mj, 6p)

8: for (each edge (u,v) € p) do

9: fu,v) +=A,, fv,u) —=A,;

10: end for

11: Vf += AP'V,', d; —= AP’ mj —= Ap;

12: end while

13: end for

14: return: f and V.

augmenting path: s, s1, 2, #1, and 7, meaning s; sends two unit
flows of V, = 6 to ¢; in Fig. 2(a). The Modified Edmonds-Karp
instead gives Vy = 2 (Fig. 2(c)). ]

Lemma 1: GOA yields a maximum flow.

Proof: The GOA is the Modified Edmonds-Karp (i.e.,
Algo. 1) executed in a non-ascending order of source nodes’
weights. As each unit flow reduces one edge capacity in
the residual graph, when no more FAP can be found, it
yields a maximum flow following the max-flow min-cut
theorem [14]. [ ]

B.: Optimality of GOA

To prove that GOA is optimal, we use a constructive
approach to show that any optimal MWF-U solution cannot
yield flows with total weight exceeding that of GOA.

Notations. Let P = {Py, P,,..., P} be the flow solution
yielded by GOA (Algo. 2), indicating that s; has P; amount
of net flow in GOA. Let O = {0y, O,,..., Oy} be the optimal
solution, indicating that s; has O; amount of net flow in the
optimal solution. WLOG, we assume that vi > vy > ... > .
Let A = {s,i(l),s/l(z),...,s/l(a)}, with 1 < A1) < A2) < ... <
A(a) < k, be the set of a source nodes with Py > O;q). We
refer to Py; — O,y as the surplus of s,;. The total surplus
of A is Z?:l(P/l(l') - 0,{(,’)). Let E = {Sf(l), SEQ)s - - v s S_g(b)}, with
1 <&(1) <é(2) <...<&D) <k, be the set of b source nodes
with P‘f(j) < Of(j). We refer to Og(j) - P‘f(j) as the deﬁcit of
SE()- The total deficit of = is Z?’:](Of(j) - Pf(j)). ObViOUSly A
and E are mutually disjoint, and a + b < k.

Constructive Algorithm. According to Lemma 1, the total
surplus of A equals the total deficit of =, that is, Z?=1(P/l(i) -
Op)) = Zl;zl(Of( i — Pgj)). We thus design Algo. 3 to rewrite
Z';zl(Og( i) — Pgj)), a sum of b terms, into a sum of a terms,
with i term having value of (P — Oy)-

Definition 4 (Matching Set of s,i;): The matching set
of 5,5 € A, denoted as {sz), Szti+1), - - - » Seny) S E, where
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Fig. 3. An example with five source nodes: si,...,ss illustrates how
Algo. 3 works. It maps E = {s2, 54,55} to A = {s1, s3}. The matching set
of 51 is {s2, 54}, with Py — O; = Q: + Q%. The matching set of s3 is {s4, 55},
with P3 — O3 = Q% + Qg. Note that vi > vy > ... > vs.

1 <1I; £ h; < b, is a subset of 2 with adjacent elements whose
total matching amount is (Pa) — Oyq)). The matching amount
of s¢(j) to 5., denoted by Q7, is the amount of sg;,’s deficit
that is allocated for s,(); the total matching amount of s,;’s
matching set Z}/ll:l, Q,j = (P,{(i) - 0,1(,')). O

Algo. 3 computes s;;’s matching set and the matching
amount of each element in this matching set. It achieves this
by rearranging the total deficit of = and mapping E to A.
In particular, it finds s,;,’s matching set and calculating Q!,
the corresponding matching amount from sg;) to 5,4, such
that this matching set’s total matching amount equals s:;’s
surplus. It is not difficult to check that (P,;)—O,) = Z’;lei Q{ .
Note that sz; could be in multiple matching sets as the deficit
of sg(j), Og(j) — Pgj) may be divided into multiple parts, each
is allocated to the matching set of a different s,(;. Fig. 3 is an
example with five source nodes that illustrates the execution
of Algo. 3. This algorithm immediately gives us the following
result.

Lemma 2: A(i) < &), 1 <i<a.

Proof: By way of contradiction, assume that there exists
J such that A(j) > &(I;), and A(i) < &) for all 1 < i <
Jj— 1. Since (Pygy = Oxp) = Y, Q) forall 1 <i < j—1,
Algo. 2 found a way to equalize number of flows obtained in
O to number of flows obtained in P, for all s; with i < &(1)),
by moving flows from source nodes in = to source nodes in A.
Next, when both GOA and the optimal algorithm try to find
the number of flows for sg;,), it obtains that Psq;) < Oguy),
because sgq;) € E. This contradicts the fact that GOA is a
greedy algorithm that finds the maximum amount of data to
distribute from sg,) at this stage. [ ]

Theorem 2: GOA is an optimal algorithm for the MWE.
That is, it finds a flow with the maximum total weight.

Proof: By way of contradiction, assume that GOA is not
optimal; i.e., Y5, O; X v; > Y% | P; x v;. Then,

k k
E Pi X Vi — E Oi X Vi
i=1 i=1

a b
= Z(Pw) = Ox») X Vi = Z(Of(j) = Pej) X veij)

i=1 j=1

a a h
= Z(P a6 = Oai) X vap) = Z Z 0] X ve(j)

i=1 i=1 j=I,

a h,‘
= Z (Pai) = Oaip) X Vai) = Z 0] X ve(j)

i=1 =l
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Algorithm 3 A Constructive Algorithm Mapping E to A
Input: Optimal flows O; and GOA flows P;, 1 <i<k.
Output: ;, h;, {0V, 0", 0", 1<i<a

Notations: alloc: total matching amount allocated to s;;
flag = true if I; = h;, false if [; < h;;

l1 = 1;

1:

2: Q{ = alloc = 05(1) - Pf(l);

3: for (1 <i<a)do

4: j=1; flag = true;

5. while (alloc < (Py;—0,p)) do

6: Jt+s '
7: Qlj = Og(j) - Pf(j); alloc = alloc + Ql],
8: flag = false;

9: end while

10: h; = Js

11: if (flag == true) then

12: 0] = P = O

13: else

14: Q] = (0x(j) = Pe() — (alloc = (Pag) = 0a)):
15: end if

16: if ( alloc == (P,{(,‘) - 0/1(,'))) then

17: li+1 =j+1;

18: alloc = O,y = Py

19: else
20: li+1 =7
21: alloc = alloc — (P,l(,‘) - 0,1(5));
22: end if
23: end for

24: rveturn: (1, b, ..., 1), [k, ho,. .., h], and Q).

According to Lemma 2, for any 1 <i < a, vy = vg), the
priority of sg;) in D,;)’s matching set. And we have (P —
O\p) = Z?i:li Q{ . Each of the above a difference terms is
therefore non-negative. Thus we have Zi;l Pixv; > Zle 0; x
v;, a contradiction. Note that &, equals &, due to the fact that
Zle 0; = Zf;l P; (Lemma 1). [ |

Discussions. Although GOA is an augmenting-path maxi-
mum flow algorithm executed in the non-ascending order of
the weights of the source nodes, its optimality proof is non-
trivial, as greedy algorithms do not yield optimal solutions for
many combinatorial problems. The greedy method yields opti-
mal solutions when the problem has a combinatorial structure
known as “matroids” [14]. They generalize linear indepen-
dence in vector spaces to problems for which the greedy
algorithm yields an optimal solution. Algo. 3 demonstrates in
a constructive way that MWF-U has a matroid-like structure,
thus differing significantly from other greedy algorithms.

C. Optimality Condition for MWF-U

Max-Flow Min-Cut Theorem. The well-known max-flow
min-cut theorem [14] gives the optimality condition for the
maximum flow algorithms. It states that a flow is maximum
if and only if the residual graph contains no augmenting
path, which yields a minimum-capacity cut. However, this
theorem is no longer sufficient for the optimality of an
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MWE-U algorithm. We first define the cut in the multi-source,
multi-sink MWF scenario.

Definition 5 (S-T Cut in MWF): Give a flow network
G(V, E) with source nodes S and sink nodes 7', an S-Tcut
partitions V into S” and 7’ st. § € S" and T C T'. The
capacity of the cut is ca(S,T) = D" g/ D peq calu, v). i

For example, Fig. 2(a) shows the minimum S-7 cut of G,
with ca(S,T) = ca(sy,t;) = 2. Thus, from the max-flow min-
cut theorem, the maximum flow allowed in G is 2. However,
the theorem cannot distinguish between maximum flow and
maximum weighted flow. Although Fig. 2(c) and (d) are both
maximum flows, only Fig. 2(d) is a maximum weighted flow.
Therefore, we next establish a valid optimality condition for
any MWF-U optimal algorithm, including GOA.

Max-Weight Min-Cost Theorem. Minimum cost flow
(MinCF) [4] generalizes the maximum flow by considering
that each edge has both a capacity and a cost, and its goal is
to send a fixed amount of flow (i.e., the supply at s and the
demand at 7) from s to ¢ at minimum cost. It can be solved
efficiently and optimally using cycle-canceling and successive
shortest-path algorithms [4].

To run MinCF, we convert the CEN G’(V’, E’) to another
flow network G”(V” = V’,E” = E’) as follows. We first
compute the maximum flow in G’ (using Modified Edmonds-
Karp) and denote it as f™. We then set both the supply at s
and the demand at ¢ as |f"|. Next, while keeping the capacities
of all the edges E’ unchanged, we add the cost of (s, s;) € E’
as —v;, the negative of s;’s weight, and the cost of all other
edges in E’ as 0. With this transformation, the G’ in Fig. 2(b)
is changed to G” in Fig. 2(e). We give the following theorem.

Theorem 3: Max-Weight Min-cost. A flow f is a MWF in
G’ if and only if f is a MinCost in G”.

Proof: If f ={fi,..., fi} in G’ is a maximum weighted flow,
for any other maximum flow f” in G’, there exists a 1 < j <k
such that f; > f7 while f; = f/ for 1 <i < j. This is because
a) |fl = 1f'| = |ful Lemma 1), b) vi = vs,...,> v, and ¢) f
always pushes flows into source nodes s; in the non-ascending
order of their weights. In G”, as the cost of an edge (s, ;) is
—V;, this results in a flow with a cost not higher than that of
any other maximum flow. Therefore, f is a MinCF in G”.

If f={fi,..., fi} in G” is a MinCF, it must be a maximum
flow; i.e., Zle |fil = |f™|. Otherwise, it can push more flow
from s to s; to further reduce the flow’s cost (as the cost of
(s, s;) is —v;), contradicting that f is a MinCF. Now, to prove
f’s total weight V, = Zf;l(v,- -1fiD) in G’ is the largest among
all the maximum flows in G’, by way of contradiction, let’s
assume that there is another maximum flow f’ = {f{,..., f{}
in G’, whose total weight Vy = Zf:](v,- /D > V. That is,
there exists a 1 < j <k, where f; < f7 and fi = f/, 1 <i< .
Consequently, due to that a) |f| = |f’| = |f»| (Lemma 1), b)
Vi = Vp,...,2 Vi, and c) the cost of (s, s;) is —v;, the flow f’
must have a smaller cost than that of f in G”, contradicting
that f is already MinCF in G”. [

V. APPROXIMATION ALGORITHM FOR MWF-H

We first prove that MWF-H is NP-hard, once feasible, and
then propose a 2-approximation algorithm to solve it.
Theorem 4: MWE-H is NP-hard.
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Proof: We reduce the Unbounded Knapsack Problem (UKP)
[32], which is NP-hard, to MWF-H in polynomial time. UKP
is defined as follows. Given k types of items, each item in type
i, 1 i<k, has a profit p; and a cost ¢;, and a knapsack of a
capacity C, its goal is to find x; items of type i to maximize
their total profit Zle(x,- x p;) while Zf-‘zl(x,- x ¢;) < C.

Given a UKP instance (k types, x; items of type i, their
profits p; and costs ¢;, and capacity C), we reduce it to an
instance of MWF-H in polynomial time, as shown in Fig. 4.
First, we construct the following flow network G with k+/+2
nodes: k source nodes and / sink nodes, and two transshipment
nodes a and b. We connect s; with a with a directed edge
(si,a), a with b with a directed edge (a,b), and b with ¢;
with a directed edge (b, 1)), total k+ 1+ 1 edges. We set edge
capacities ca(a, b) of (a,b) as C, ca(s;,a) = d;, source node s;’s
sending capacity, and ca(b, t;) = m;, sink node m;’s receiving
capacity.

Second, we replace x; with f;(a, b), the number of unit flows
of s5; in G, and p; with v;, the weight of a unit flow of s;
in G. Then, the goal of UKP to maximize Zf;l(x,- X pi) s.t.
Zle(xi X ¢;) < C becomes maximizing Zle(f,»(a, b) x v)
subject to Zle(fi(a, b) x ¢;) < C. Now, as (a, b) is the only
edge in G linking source nodes with sink nodes, maximize
S (fia, b) x v;) becomes the objective of the MWF-H in G
with the general edge capacity constraint Zle( fi(a,b) x¢;) <
C. Since we can reduce the UKP to MWF-H in polynomial
time, MWF-H is NP-hard. ]

Approximation Algorithm. Unlike Algo. 2, Algo. 4 adopts
an all-or-nothing model, in which each source node must either
completely send its unit flows or not send at all. It executes
two greedy algorithms sequentially. The first one computes
the total flow weight by running Modified Edmonds-Karp
on the source nodes in non-ascending order of their weights
(lines 1-14), while the second does so in non-ascending order
of their weight-cost ratios (lines 15-17). Lines 6-7 are the
all-or-nothing model, in which the algorithm terminates if a
source s; cannot send all its d; units of flow. Among the two
computed flows f and f”, it returns the one with the larger total
flow weight (lines 18-20). Its time complexity is O(k-|V’|-|E’|?).
Below, we prove that Algo. 4 is a 2-approximation algorithm
under the all-or-nothing model.

Theorem 5: In Algo. 4, V; > V°P*/2 under the all-or-nothing
model, where V°P" is the optimal total flow weight.

Proof: We refer to the two greedy algorithms in Algo. 4 as
(A) and (B), each of which finds a flow with a total weight
of V¢ and V7, respectively. In (B), let S,, be the set of source
nodes that completely send out their unit flows, and s; be the
first source node that cannot completely send out its unit flows.
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Algorithm 4 An Approximation Algorithm for MWF-H
Input: a CFN G'(V’,E’) with S, T, d;, vi, c;, m;.
Output: flow f and its total weight Vy.

Sort s; € S in non-ascending order of the weight v;.
WLOG, vi > v, > ... > v,

—_—

22 Y(u,v) € E', f(u,v) =0, |[fl=V, =0, G} =G’

3: for (1 <i<k)do

4: Y(u,v) € E, a;(u,v) = ca(u,v), ca(u,v) = L@J;
5: Run Algo. 1 on G’, let the max flow from s',- be f;;
6: if (|fi| < d;) then

7: Break;

8: else

9: If1+=1fil, Ve +=1fil - vis

10: Y(s, s;), ca(s,s;) —= fi(s, s);

11: Y(tj,1), ca(tj, t) —= fi(t),1);

12: Y(u,v) € E, ca(u,v) = a;(u,v) — fi(u,v) - c;;

13: end if

14: end for

15: Sort 5; € § in non-ascending order of their weight-cost
ratio 2. WLOG, 2 > 2 > ... > %,

16: Yuv) € E', fuv) =0, |f| =V =0,G) = G

17: Run lines 3-14, and let the computed flow be f’ with total
flow weight V};

18: if (If] < |f’]) then

19: f=r, Vf = Vf/;

20: end if

21: return: f and V.

We have > ¢ (vi-d;) = Vi and v;-d; < Vy, as (A) sends
unit flows of maximum weight first.

In (B), if the |fj| amount of flows sent out by s; exactly fills
all the edge capacities in G’, this is an optimal solution. This
is because a) (B) completely sends out all the unit flows for
source nodes with weight-cost ratios > :—’ b) it fills out the
remaining edge capacity in G’ with unit flows of % and c)
and all source nodes not included have weight-cost ratios < Z—
Under the all-or-nothing model, however, the true optimum
VP!, can not be larger. We have V' < 3" ¢ (vi-d)+vj-|fjl <
ZsieSW(vi -d;) + vj- dj < V; + Vf As Vf = max{Vf, V;}, it
must be Vy > V' /2. [ ]

We introduce the all-or-nothing model to simplify
heterogeneous-capacity interactions among flows and facilitate
the approximation analysis. We conjecture that approximation
algorithms for the general splittable case may be obtained
through LP relaxation and randomized rounding, primal-dual
methods, or resource augmentation techniques. Investigating
whether constant-factor approximations exist for the general
MWEF-H remains an interesting direction for future research.

VI. ALGORITHMIC SOLUTIONS FOR PDP

In this section, we solve PDP under both uniform and
general energy models by connecting it to the solutions of
MWEF-U and MWF-H from Sections III to V.

BSN-based flow network (BFN). We first transform the
BSN graph G(V,E) into another flow network G'(V',E’)
called BSN-based flow network (BFN). Compared to
the capacity-restricted flow network (CFN) introduced in
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Fig. 5. (a) BSN-based flow network G’(V’,E’) transformed from linear BSN graph in Fig. 1. (b) The residual graph after applying GOA on G'(V’,E’).

(c) The residual graph after applying the Edmonds-Karp on G’(V’, E’).

Sections IV and V, the BFN not only converts the nodes’
sending/receiving capacities into the edge capacities of G’, as
CFN does, but also converts the sensor nodes’ energy into
edge capacities, to ensure they all play a role in finding the
maximum priority in the data preservation process.

The transformation has the following four steps. Fig. 5(a)
shows the BFN transformed from the linear BSN in Fig. 1.

1). Replace each undirected edge (i, j) € E with two directed
edges (i, j) and (j,i). Set their capacities to infinity.

2). Split node i € V into in-node i’ and out-node i”. Add a
directed edge (7/,i"”) with a capacity of E;, the initial energy
level of node i. The edge (i’,i”) is referred to as sensor node
i’s internal edge, and the number of flows on (i’, i”’) represents
the amount of “traffic” that goes through i.

3). Add a source node s, and connect s to the in-node i’ of
the DG node i € V; with an edge of capacity d;.

4). Add a sink node ¢, and connect out-node j” of the storage
node j € V; to t with an edge of capacity m;.

A. PDP Under Uniform Energy Model

To check the feasibility of a PDP in a BSN graph G(V, E),
we apply the Modified Edmonds-Karp viz. Algo. 1 on the
above transformed BFN G’(V’,E’). If it is feasible, we then
apply the GOA viz. Algo. 2 on G'(V’, E’) to solve the PDP.

Theorem 6: Under the uniform energy model, GOA on
G'(V',E’) is an optimal algorithm for PDP on G(V, E).

Proof: We show that the maximum weighted flow produced
by GOA on G’(V’, E’) corresponds to data preservation with
the maximum data priorities on the BSN graph G(V,E).
Suppose that GOA gives a net flow of P; amount from s; to .
This means that there are P; amount of data items offloaded
from source node s; to a sink node in G’(V’, E’). Because GOA
is optimal (Theorem 2), Zf;l(P[ X v;) is maximum among
all the possible solutions. Therefore, the corresponding data
preservation has the maximum amount of priority. ]

Example 7: By applying GOA on Fig. 5(a), Fig. 5(b) shows
the resulting FAP: s, 1’7, 17, 2/, 2”7, 3’, 3”, and ¢. This
indicates that node 1 offloads one data item with a priority
of 3. In contrast, Fig. 5(c) shows the shortest FAP found by
the Modified Edmonds-Karp: s, 2/, 2”7, 3’, 3”, and ¢, where
node 2 offloads one data item with a priority of 1. O

We present the following observation about the PDP’s
optimal MWF and MF solutions.

Observation 2: For a storage node, it does not relay data
until its storage capacity is full in both optimal MWF and
MF solutions. For a DG, however, it could relay other DGs’
data items even if it has not finished preserving its own in an
optimal MWF solution, whereas there always exists an MF
optimal solution wherein a DG node must finish preserving
all its own data items before relaying others’. O

A consequence of Observation 2 is that in an optimal PDP
algorithm, data is always offloaded to the nearest storage
node with available storage before being offloaded further.
We call this the cascading effect of data preservation. This
effect makes our algorithms amenable to localized distributed
implementation, which we present in Section VII.

B. PDP Under General Energy Model

Feasible Condition for PDP. To find if a BSN instance is
feasible, we first formulate ILP(A) to find its maximum flow.

maxz Xsir @)

i€Vy
S.t. Xs,it < d,‘,i eVy (8)
Xpry < my,i €V 9
Xy it + E Xjry = X jr = E Xir s
j//:(j”,i’)EE, _j/:(i”,j/)EE/
ieV, (10)
E xj”,i' = Xp i = Xjry —+ E xi",j%
J(jiEE! J,)EE!
i€V (11)
r § § reh
Ei X -xj”,i’ + (El(]) X .X,'//,j/)
j”l(j”,l")EE’ j'l(l'”,j')EE’
<E,ieV (12)

Here, x; ; indicates the number of flows on edge (i, j) € E'.
Objective (7) maximizes the total number of preserved data
items of DGs V,. Ineq. (8) indicates the maximum number
of data items DG; can offload is d;. Ineq. (9) indicates the
maximum number of items storage node i can store is m;.
Eqgns. (10) and (11) indicate the flow conservation for DGs and
storage nodes, respectively. Ineq. (12) is the energy constraint
of all sensor nodes. We give the theorem below without proof.
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Algorithm 5 Push-Relabel (z) in Data Preservation

Algorithm 6 Distributed Algorithm for the PDP

Input: A BSN graph G(V, E) with source s and sink #;

Qutput: Data-preserving flow f.

Notations: e(u): node u’s excess flow;

h(u): node u’s height;

ca(u,w): residual capacity of (u, w);

if (e(u) > 0) then

2: while e(u) > 0, there exists (u, w) s.t. h(u) = h(w) + 1,
and ca(u,w) > 0 do

3: Push y = min ({e(u),ca(u,w)} through (u,w) by

sending a message to w;

4 e(u) = e(u) —y; e(w) = e(w) +y;

5 Update ca(u,w);

6: end while

7

8

9

—

if (e(u) > 0) then
h(u) = 1 4+ min{h(w) : ca(u, w) > 0};
Broadcast A(u) to neighboring nodes;
10: end if
11: end if
12: return: f.

Theorem 7: In ILP(A), if Y x,; < Y.X d; = d, then this
i€V,

BSN instance is feasible. ’ ]

Solving a PDP Instance. To solve the PDP for a feasible

BSN instance, we formulate another ILP viz. ILP(B) by simply

replacing ILP(A)’s objective function with max Y_ (x;7 - v;),
i€V,
which is to maximize the total priorities preserved in the entire

BSN. The constraints are the same as those of ILP(A) and thus
are omitted.

VII. DISTRIBUTED ALGORITHMS FOR PDP

Our distributed framework integrates the distributed push-
relabel maximum flow algorithm [25] with our priority-based
algorithms presented in Sections VI and VI-B. We first review
the push-relabel algorithm in the context of data preservation.

Distributed Push-Relabel Algorithm. Given a flow net-
work G(V, E) with |V| = n and |E| = m, a source node s, and
a sink node #, Algo. 5 works as follows. It sends as much flow
out of s as is allowed by the edge capacities ca(s, i’). Then, it
iteratively considers a node u with more incoming flow than
outgoing flow (the difference is called excess flow of the node),
and routes its excess flow to its neighbors. To make progress,
it defines a height function 4 : V — N and initially, h(s) = n;
h(t) = 0; and h(u) = 0 for all u ¢ V\{s, t}. This is based on the
intuition that the flow always goes “downhill”, and u sends the
extra flow to a neighbor v only if A(x) > h(v). When a node
can no longer send its excess flow, it increases its height and
pushes the flow to the node with a lower height. A maximum
flow is obtained when no additional overflowing nodes remain,
except the sink and the source.

The flow of the push-relabel algorithm resembles the cas-
cading effects observed in the data preservation process (see
Observation 2). In push-relabel, flow moves through the net-
work like water flowing downhill. In data preservation, data is
always offloaded to the nearest storage before being offloaded

Input: A transformed BFN G'(V’, E’).

Output: Data preservation flow f.

Each DG broadcasts its priority to the network;

. for (Each DG in the descending order of its priority) do
s pushes maximum allowable data to this DG;
while (there exists a node u with positive excess) do

Run Push-Relabel(u) viz. Algo. 5;

end while

end for

return: f.

A A ol S

to a more distant one. Therefore, push-relabel is particularly
suitable for our data preservation scheme.

Distributed Data Preservation with Data Priority. How-
ever, a few modifications to the push-relabel algorithm are
needed to make the distributed data preservation work. First,
the DGs need to coordinate so that higher-priority DGs push
data into the network before lower-priority DGs. Second, the
energy consumption of each node must be accounted for.
Third, the push-relabel algorithm assumes a single source and
a single sink, whereas a BSN has multiple DGs and multiple
storage nodes. A transformed BFN G'(V’,E’) proposed in
Section VI is needed to address all these challenges.

The distributed algorithm, vs. Algo. 6, starts with DGs
broadcasting their priorities throughout the network. Then it
consists of two nested loops. It pushes the maximum allowable
number of flows to the in-node of the highest-priority DG
(the outer for loop), then continues the push-relabel process
until no nodes with excess flow remain (the inner while loop),
except the source and sink. This continues until the lowest-
priority DG completes the push-relabel process, or until no
more flow can be pushed into the network.

Note that the priority-based push-relabel algorithm has not
been studied in networking or distributed systems. The only
work that bears the name “weighted- or priority-based push-
relabel” is by Bernstein et al. [6], [7]. However, the weights in
the literature refer to the edge-weight function, in which edges
with higher weights are relabeled less often to improve the
efficiency of the push-relabel process. Thus, they are different
from our priority-based push-relabel.

Theorem 8: Algo. 6 preserves maximum total priorities. It
runs in O(kn*) time and uses O(n*m) messages.

Proof: Algo. 6 is a distributed implementation of the GOA.
Therefore, it preserves maximum total priorities due to the
optimality of the GOA (Theorem 6). It is shown in [25] that
the distributed push-relabel algorithm in a graph G'(V',E’)
runs O(|V’[?) in time and uses O(|V’[*|E’|) messages. Since
[V'| = 2n+ 2 and |E’| = 2m + 2n, its time and message
complexities are O(n?) and O(m’m). Algo. 6 differs from
the push-relabel algorithm in lines 1 and 2. Line 1 incurs
O(kn) = O(n?) broadcast messages, and line 2 increases the
running time by at most k times. Therefore, Algo. 6 runs in
O(kn*) and uses O(n’m + n?) = O(n*m) messages. n

Although the MWF time-expanded graph grows linearly
with the planning horizon and may limit its applicability in
highly dynamic environments, our heuristic and distributed
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TABLE III
THE COMPARED ALGORITHMS
Uniform Model General Model Maximum Flow
Centralized GOA (Algo. 2), ILP(A), Modified Edmonds
entrafize Greedy Greedy Karp, ILP(B)
Distributed Distributed PDP | Distributed PDP Push Relabel
1stribute (Algo. 6) (Algo. 6) [25]
TABLE IV
QUANTITATIVE RESULTS OF FIG. 6
Optimal | Heuristic | Edmonds-Karp
Number of Preserved Data 96 96 96
Total Preserved Priority 552 540 480

algorithms avoid explicitly constructing the time-expanded
network and can instead operate in an event-driven manner,
making them more suitable for large-scale or time-varying
BSNs. Consequently, we view the MWF formulation primarily
as an offline benchmark or an upper bound for evaluating
practical algorithms, rather than as a real-time deployment
solution.

VIII. PERFORMANCE EVALUATION

In this section, we compare our priority-based data-
preservation algorithms with classical maximum-flow and
push-relabel algorithms under both uniform and general energy
models, all listed in Table III. We use Google OR-Tools
[1] as our ILP solver. Specifically, we use the sequential
GLOP (Google Linear Optimization Package) solver, which
is implemented as a primal-dual revised simplex algorithm.

Where applicable, each data point averages over 20 PDP
instances, and the error bars indicate a 95% confidence inter-
val. We write our simulators in Java on a MacBook Pro with
a 3.68 GHz 12-core Apple M2 Max processor and 32 GB
RAM. Our implementation and code are available at: https://
github.com/grivera64/PDP _ MWF.

A. Uniform Energy Model

We compare our optimal GOA algorithm (Optimal),
the greedy heuristic (Heuristic), the distributed algorithm
(Distributed) with two existing algorithms that do not con-
sider flow priorities, including the Modified Edmonds-Karp
(Edmonds-Karp) and Push-Relabel (PushRelabel). Here, the
greedy heuristic is a simple iterative algorithm in which, in
each iteration, a DG with the highest data-priority offloads its
data items to the closest storage node with available storage.

Visual Comparison in Grids. We adopt a grid for clear
visual comparison. In a grid, each node can communicate
directly with its (at most) four neighbors, and each edge costs
1 unit of energy. We investigate two scenarios that hinder data
preservation: insufficient storage space or insufficient energy.

Insufficient Storage. Fig. 6 shows a grid of 10 x 10. Four
DGs, located at (4, 6), (7, 6), (4, 5), and (7, 5), are represented
by different shapes, each representing a different priority. Each
DG has 30 overflow data items. The remaining 96 nodes are
storage nodes; each can store one data item. The initial energy
level E; of each node is 30 units. It shows that the number
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(a) Optimal. (b) Heuristic. (c) Edmonds-Karp.
Fig. 6. Data preservation under insufficient storage. The solid circle has
priority 8, the solid square 6, the solid diamond 4, and the solid triangle 2.
The successfully preserved data items are represented using the corresponding
hollow shapes.
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Fig. 7. Data preservation under insufficient energy with varying E;. EK stands
for Edmonds-Karp.

of preserved data items (from highest priority to lowest) is
[30,30,30,6] in Optimal, [30,28,28,10] in Heuristic, and
[24,24,24,24] in Edmonds-Karp. Both Optimal and Heuristic
preserve higher-priority data, whereas Optimal does a much
better job of “filtering” out low-priority data. Edmonds-Karp,
however, offloads the same amount of data regardless of prior-
ity, as it is priority-oblivious. Table IV includes the numerical
results from Fig. 6. It shows that Optimal has the highest total
preserved priority, followed by Heuristic and Edmonds-Karp,
although all preserve the same number of data items due to
insufficient storage.

Insufficient Energy. In a grid of 20 x 20, four DGs are
located at (10, 10), (13, 10), (10, 11), and (13, 11). Each DG
has 50 data items to preserve. Fig. 7 visualizes the results by
increasing E; from 5 to 10 to 15. As E; increases, the number
of preserved data items increases for all three algorithms.
However, Optimal and Heuristic only preserve the two data
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Fig. 10. Comparing Distributed and PushRelabel.

types of higher priority at E; = 5, begin to preserve the
other two types of lower priority at E; = 10, and finally
preserve a relatively large amount of the two low-priority
data types at E; = 15. This demonstrates the priority-
preserving capabilities of these two algorithms. In contrast,
Edmonds-Karp maximizes the number of preserved data items
by equally preserving all four data types across varying E;.

Fig. 8 are the quantitative results of Fig. 7. Fig. 8(a) shows
that both Optimal and Edmonds-Karp preserve the largest
and equal number of data items, validating our theoretical
result that MWF is an MF under the uniform energy model.
Fig. 8(b) shows that Optimal preserves the largest priorities.
As energy efficiency is also a concern in data preservation,
we define energy per priority as the ratio of total energy con-
sumption to the total number of preserved priorities. Fig. 8(c)
shows that Heuristics achieves the lowest energy-per-priority
ratio across different energy levels, followed by Optimal and
then Edmonds-Karp. This shows that Heuristics and Optimal
achieve better performance and a better cost balance than
Edmonds-Karp.

Distributed Algorithms. Fig. 10 compares Distributed with
PushRelabel, for which we modified the distributed push-
relabel algorithm implemented in [13]. It shows that both
algorithms preserve the same amount of data, as both achieve
maximum flow. We observe that Distributed yields a total pre-
served priority that is 66.7% higher than that of PushRelabel,
while incurring higher energy consumption. This is because
Distributed is optimal in preserving total priorities, while
broadcast messages are needed to coordinate among DGs.
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TABLE V

PERFORMANCE DIFFERENCE BETWEEN MWF AND MF IN PRESERVED
DATA PRIORITIES BY VARYING E; AND d;

(a) Fig. 11: Varying F;, 20 40 60 80 100
d; = m; = 100 12.13 | 828 5.31 2.84 0.45

(b) Fig. 12: Varying d;, 60 70 80 90 100
m; = 50, E; = 20% MFE | 16.78 | 22.63 | 27.35 | 31.08 | 33.29

B. General Energy Model

We refer to the ILP(A) as MF and ILP(B) as MWEF,
respectively. We also include two greedy algorithms: one
priority-based and the other priority-cost-based, denoted
Greedyp and Greedyyg, respectively. For each BSN instance,
100 sensor nodes (with a transmission range of 200m) are
randomly placed in a field of 2000m x 2000m; 50 are DGs, and
50 are storage nodes. Each DG’s priority is a random number
in [1, 100]. Given a BSN instance, we first use ILP(A) to find
the minimum E; under which all the data items are preserved.
We refer to it as the minimum feasible energy (MFE).

Insufficient Energy. Fig. 11 shows the performance com-
parison by varying E; as 20%, 40%, 60%, and 100% of
the MFE for each BSN instance. Fig. 11(a) shows that with
the increase of E;, the total preserved priority for all the
algorithms increases. It also shows that MWF and both greedy
algorithms preserve priority more than MF, demonstrating that
MF is not necessarily an MWE. Their performance difference
(i.e., MUEME) decreases with the increase of E;, as shown
in Table V(a). This is because when increasing E;, the data-
preserving capabilities of both algorithms will increase and
finally converge in preserving all the data items at E; = 100%
of MFE. Fig. 11(b) shows that at E; = 20% of MFE, both
MWF and MF preserve more than 4000 out of the total 5000
data items, while it takes another 80% of MFE to preserve the
remaining 20% of the data items. This conforms to the well-
known Pareto Principle [42], which says that in many societal
and economic scenarios, roughly 80% of the outcomes come
from 20% of causes (a.k.a. the “vital few”). Our work validates
the Pareto Principle in resource allocation from a computer
networking perspective.

Besides, Fig. 11(b) shows that at E; = 100% of MFE,
MF preserves more data items than MWE. This supports our
finding that MWF does not necessarily achieve the maximum
amount of flow. At E; = 100% of MFE, both MF and
MWEF successfully preserve all 5000 data items, whereas
greedy algorithms fail to do so. This can be explained by
Fig. 11(c), which shows that both greedy algorithms are
the least energy-efficient and MF is the most energy-
efficient among the three algorithms. To investigate the
tradeoff between preserved priority and incurred energy cost,
Fig. 11(d) calculates the priority-cost ratio, which is the ratio
between the total preserved priority and the total energy cost
for each algorithm. We observe that the ratios decrease for all
algorithms as E; increases. This is because of the sublinear
increase of preserved priority w.r.t. E;, as shown in Fig. 11(b),
and an almost linear energy cost increase w.r.t. E;, as shown in
Fig. 11(c). We also observe that MF yields a slightly higher
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Fig. 12. Varying number of data items d¢; at DGs under general energy model.

priority-cost ratio than the other methods, mainly due to its
energy-efficient shortest-path data preservation.

Insufficient Storage and Energy. We investigate data
preservation in the most challenging scenario, where both
energy and storage are insufficient. Fig. 12 increases the
number of data items d; at each DG from 50, 60,..., to 100,
while keeping E; = 20% of MFE and m; = 50 for all the sensor
nodes. There are a few different and non-intuitive observa-
tions compared to Fig. 11. First, the performance differences
between MWF and MF are much more significant, ranging
from 16.78% to 33.29%, as shown in Table V(b). This shows
that MWF outperforms MF in more challenging scenarios,
where it can still use scarce energy and storage resources
to preserve the highest-priority data items. Second, with the
increase of d;, the performance differences between MWF and
MF increase, whereas they decrease with the increase of E;
in Fig. 11. A close look at Fig. 12(a) shows that with the
increase of d;, the increase in preserved priorities for MWF is
much more significant than that for MF. Despite the limited
storage and energy, increasing d; allows MWF to discard low-
priority data in favor of high-priority data, thereby increasing
the number of preserved priorities more quickly. In contrast,
because MF is blind to data priority, increasing d; can only
increase the preserved priorities up to the limits of storage
and energy. Fig. 12(c) shows that although the total energy
cost of data preservation increases for MWF and Greedysp,
it generally decreases for Greedy., showing that Greedyy is
more energy-efficient than MWF and Greedyp with more data
packets to be preserved. Finally, Fig. 12(d) shows that MF
achieves the highest priority-cost ratios. We also observe that
Greedy- yields higher priority-cost ratios than both Greedy
and MWF, and the performance difference becomes more
pronounced when d; is large. This shows that Greedy strikes
a better balance between preserved priorities and energy cost
compared to Greedy. and MWE.
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TABLE VI
EXECUTION TIME (MsS) IN BSNs WITH 100 NODES

Data Packets | Greedy MF MWF

60 434.1 647.6 333

70 426.9 836.0 36.4

80 411.8 1034.6 322

90 410.2 1336.3 32.6

100 414.3 1275.2 34.1
TABLE VII

EXECUTION TIME IN BSNs WITH 5000 NODES

60 70 80 90 100
Greedy 2h5m 2h23m 2h46m 3h27m 3h18m
MF 16mls 13m18s | 16m26s | 12m39s 16m58s
MWF 15m22s 17m32s 15m58s 18m38s 17md44s

Note that MWF preserved more priorities than not only MF,
which is priority-oblivious, but also Greedyp and Greedyyg,
which iteratively preserve data items with the highest priorities
and highest priority-cost ratio, respectively. This shows that
MWPF’s prize-collecting gains come from its design, rather
than from exploiting the priority-obliviousness of the MF
baseline.

Execution Time Analysis. Table VI shows the execution
time of different algorithms in Fig. 12. It shows that MWF
is the fastest. This is because MWF is data priority-aware,
enabling it to prune the ILP solver’s search trees when two
packets with different priorities require the same cost to
preserve. In MF, the optimizer cannot prune the search space,
increasing MF’s execution time. Greedy lies between MWF
and MF, as it requires constant recomputation of the best min-
cost path due to dynamic energy and storage usage in data
preservation.

Finally, Table VII shows the execution time in a large-scale
BSN of 5000 nodes (2500 DGs and 2500 storage nodes), in a
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field of 20, 000m x 20, 000m. The transmission range is 500m.
We observe that both MF and MWEF run very efficiently, finish-
ing in less than 20 minutes across a range of packet numbers.
This is mainly due to the search-space pruning provided by
Google OR-Tools’ constraint programming capability. Greedy
takes two to three hours to execute, and its execution time
grows linearly because it recalculates the best min-cost path
at each iteration.

IX. CONCLUSION AND FUTURE WORK

This paper studied priority-based data preservation in sens-
ing applications deployed in challenging environments. At
the core are two maximum-weighted flow (MWF) problems
that have not been adequately studied. Our MWF model
can be summarized as multi-source and multi-sink any-to-any
communication with a) capacities enforced on the nodes and
b) splittable but integral unit flows with varying weights and
costs. We believe our work occupies a unique niche in the large
network flow landscape. As future work, we will first build a
small testbed and evaluate our model using TinyOS [3]. We
will focus on a simple linear or star topology to validate the
assumptions and operational complexity of our algorithms.

We assume that data priorities remain fixed during a preser-
vation interval, which allows the MWF formulations and their
associated algorithms to operate on static weights. If priorities
change over time, the existing algorithms can be executed
periodically by updating the source weights and recomputing
the preservation decisions. Since the flow network topology,
energy constraints, and storage capacities remain unchanged,
only the priority assignments need updating. However, the
current paper provides no theoretical guarantees or experimen-
tal evaluation in this dynamic setting. Developing algorithms
and approximation guarantees for time-varying priorities is,
therefore, an important direction for future work.

Our data preservation and MWF model is a unique infor-
mation producer-consumer model that has not yet been
adequately explored. With a theoretical foundation in net-
work flows, the techniques designed may apply to other
network environments where flow priorities and resource
constraints coexist. For example, modern cloud data center
traffic often has different priorities and requirements, including
user-generated interactive traffic, deadline-driven traffic, and
long-running traffic [18], [41]. Our MWF techniques can be
used to design efficient transport protocols in bandwidth-
constrained cloud data centers. Another burgeoning field is
large language models (LLMs) serving in GPU-based data
centers [19]. Recent research [20] has formulated LLM
scheduling as a maximum data-flow problem, with each unit of
flow representing a token passing through a GPU node. Given
that LLMs have up to hundreds of billions of parameters, some
are more valuable for inference, extending MWF techniques to
enable more efficient LLM scheduling in resource-constrained
GPU-based data centers is an interesting new problem.
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