Solving arecurrence relation for the average —
case running time A[n] for QuickSort :

1
A[n]=n-1+— Zi”_'; (Ali1+AIN-1-i1)
VAT

A[0] =0
A[1] =0
Ve will calculate a cl ose approxi mation
A[n] =
1.3862943611198906° (n +1) Log2 [n] -2.8455686701969345" n +

. 1 . 0.16666666666666666"
2.1544313298030655 + — 0.8333333333333334" -

n n?

1
t he di fference between which and the exact A[n] converges to O faster than —.

n2
The part highlighted yellow and its derivationis nandatory for all students;
the rest of the aproxinmation and its derivationis optional -
they are shown here for illustration purposes only.
( The textbook approxination was
A[n] = 1.386 n Log2[n] -2.846 n
- good enough if you don' t want to be too accurate , although

A[n] =~ 1.386 (n+1) Log2[n] -2.846 n

i's somewhat better .)
V¢ have :
Zi";; (Ali ]+A[N-1-i1) =

=Zi"=';A[i ] +Zi”=';A[n-1-i ] =

[puttingj = n -21-i; j € {0, ..., n-1}]
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So,

2
A[N]=n-1+— Zi”_';A[i ]
i

A[0] =0

A[1]1 =0

Not ati on change t o use Mat hemati ca
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2 (-1+n+Aq1.4)

2 (-1+n+A1.n)
So,
NxA, - (n-1) Ab.1 = 2 (-1 +n+A_1.n)
or
nNxA,=(N+1) Ap.1 + 2 (-1 +n)
A[n] A[n-1]1 2 (n-1)

FGO'VG[{n+1 == . +n (n+1), A[0] ==0, A[l] ==O}, A[n], n]

{{A[n] - 2 (REulerGanmma - 2 n + Eul erGanma n + Pol yGama [0, 1 +n] +n PolyGama [0, 1 +n])}}

So, the exact solution of the original recurrence relation on the average —
case running time of QuickSort is:

Aln] =

2 (EulerGamma -2 n + EulerGamman +
PolyGammal0, 1 +n] +n PolyGamma[0, 1 +n])

Ve will approxinmate it in nore humane terns.

Here is the graph of the exact solution:

Plot [{2 (Eul erGamma - 2 n + Eul er Gamma n + Pol yGamma [0, 1 +n] +n PolyGama[0, 1 +n])},
{n, 0, 10}]

15+

10




4 | Average-case_Quicksort.nb

The above shape strongly suggests that it' s growh rate i s about
n Log[n].

Here is the plot of both functions:

n[1s1:= Plot [
Tooltip[{2 (EulerGamma -2 n + Eul erGamma n + Pol yGamma [0, 1 +n] +n PolyGma[0, 1 +n]),
nLog[nl}], {n, 0, 10}]

25

20

Out[15]=

10

Indeed, the ratio of the two converges:

nf1e):= Limt [{(2 (BEulerGamma -2 n + Eul erGma n + PolyGamma [0, 1 +n] +n PolyGmal[0, 1+n])) /
(n Log[n])}, n > ]

out[18]= {2}

In other words, using Sedgewi ck' s notation ~:

A[n] ~ 2n Log[n]

A[n] € O (nLog2[n])

Now, let' s find sone other slower growi ngterms of exact solution A[n].
Wien we conpare the exact solution A[n]toits e characterization 2 n Log[n],
we can notice that the difference between

the two approximates alinear functionin variable n.

Here is a graph of that difference:
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nf1o):= Plot [{(2 (BEulerGamma - 2 n + Eul er Ganma n + Pol yGamma [0, 1 +n] +n PolyGmma [0, 1 +n])) -
(2n Log[n])}, {n, .001, 20000}]

5000 10 000 15000 20 000

-10000 -
~20000 -

oupol= o -

Inorder tofind a coefficient of that
(approximately) linear function (the sl ope of the above |ine),
we calculate linit of the mentioned above difference divided by n, that is:

infzoj:= Limt [{(2 (BulerGamma -2 n + Eul erGamma n + Pol yGamma [0, 1 +n] +n Pol yGama[0, 1 +n]) -
2nlLog[n])/n}, N - o]

out[20]= {2 (-2 + Eul er Ganma) }
nf4:= N[2 (-2 + Eul er Gamma) ]
out[4]= - 2. 84557

- 2. 8455686701969345"

N[Log[4]]

1. 38629

1. 3862943611198906°

This yields the textbook' s approximation: .
2nlog[n]+2 (-2+EulerGamma) n = 113862943611198906 mnilog2 in]i=1218455686701969345 mn
But t he function

2nlLog[n]+2 (-2+Eul erGamma) n
does not approxi nate A[n] well enough when n -

o because the difference between the two diverges to «:

inf21]:= Limt [{2 (BEulerGanma - 2 n + Eul er Gamma n + Pol yGama [0, 1 +n] +n PolyGama [0, 1 +n]) -
2nlog[n]-2 (-2+EulerGama) n}, N » o]

out[21]= {}
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So we need to inject another adjustnent to our
approxi mation. W will inject atermof the formconstant x Log2[n],
because t he above nentioned differenceisin e (Log2[n]), asthefollowinglimt proves:

In[22]:=
Limt [{(2 (EulerGamma - 2 n + Eul erGamma n + Pol yGamma [0, 1 +n] +n PolyGmma [0, 1 +n]) -
Log[4] n Log2[n] -2 (-2+ EulerGmma) n) /Log[n]}, N » o]

{2}

Thi s gives us this inproved approxination of A[n]:

2nlog[n]+2 (-2+EulerGamma) n+2 Log[n]
or, after groupingthefirst anthelast term,
2 (n+1) Log[n] +2 (-2 +Eul erGamma) n

It yields the approxi mation
1.386 (n+1) Log2[n] -2.846 n

nentioned at the begining of this file.

This oneis close, but still need anot her adj ustnent,
constant at thistinme. W find that constant by letting Mat hemati ca conpute
the limt of the difffierence bet ween t he exact A[n] and our approxination:

nfz3;:= Limt [{2 (Eul erGamma - 2 n + Eul erGamma n + Pol yGamma [0, 1 +n] +n PolyGmma [0, 1 +n]) -
2 (n+1) Log[n]-2 (-2+EBulerGma) n}, n » o]

out[23]= {1 + 2 Eul er Ganma }
= 1+ 2 Eul er Gamma

N[1 + 2 Eul er Ganma ]
2.15443

So, the function

Log[4] (n+1) Log2[n] +2 (-2 + Eul er Gamma) n =12 EullerGama) =
=1.3862943611198906° (n +1) Log2[n] - 2. 8455686701969345" n + 2. 1544313298030655"

asynpt hoti cal | y approaches A[n]as n » o. In particular,

the difference between the two convergesto O, asthefollownglimt shows:

nfz4;:= Limt [{2 (Eul erGamma - 2 n + Eul erGamma n + Pol yGamma [0, 1 +n] +n PolyGmma [0, 1 +n]) -
(2nlLog[n]+2 (-2+BulerGma) n+2 Log[n] + (1 +2 EulerGma))}, N » o]

out[24]= {0}
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Here is a graph of the di fference between the exact A[n] and our approxination:

nzel:= Plot [{2 (Eul erGamma -2 n + Eul erGamma n + Pol yGamma [0, 1 +n] +n PolyGmma [0, 1 +n]) -
(2nLog[n]+2 (-2+EulerGamma) n+2 Log[n]+ (1 +2 EulerGanma))}, {n, 2, 2000000}]

5 x1076 |
4.x10°% |
3,x10°°

out[26]=

2 x10°8 [

L L | L L L L |
15 x 10° 20 x 10°

So, it is close, indeed.

Here is our approximation, again, in even nore hunane terns:

1.3862943611198906° (n +1) Log2[n] - 2. 8455686701969345" n + 2. 1544313298030655

Here is a series of plots of the exact solution (blueline) plotted agai nst
out approxi mation (purpleline) and textbook' s approxination (oliveline):

Pl ot [
Tooltip[{2 (EulerGamma -2 n + Eul erGamma n + Pol yGamma [0, 1 +n] +n PolyGma[0, 1 +n]),
1. 3862943611198906° (n +1) Log2[n] - 2. 8455686701969345" n + 2. 1544313298030655" ,
1.386 n Log2[n] -2.846 n}], {n, 0, 5}]

-10 -

|7
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Pl ot [
Tooltip[{2 (EulerGamma -2 n + Eul erGamma n + Pol yGamma [0, 1 +n] +n PolyGma[0, 1 +n]),
1. 3862943611198906° (n +1) Log2[n] - 2. 8455686701969345" n + 2. 1544313298030655" ,
1.386 n Log2[n] -2.846 n}], {n, 5, 10}]

Plot [
Tool tip[{2 (EulerGanmma - 2 n + Eul er Ganma n + Pol yGamma [0, 1 +n] +n Pol yGanmma [0, 1 +n]),
1.3862943611198906° (n +1) Log2[n] - 2. 8455686701969345" n + 2. 1544313298030655 ",
1.386 n Log2[n] -2.846 n}], {n, 10000, 10001}]

155 780 /

155 760
155 740
155720 |- -
I S
e R R S
r 10000.2 100004 10000.6 10000.8 10001.0

The rest of this file is optional -
reconmended for the brightest and nost diligent students.

Bel ow i s anot her approxi mati on that does not
use Euler ' s gamma but uses harnoni ¢ nunber, instead:
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Simplify [(Log[4] n Log2[n] +2 (-2 + Eul erGamma) n +Log[4] Log2[n] + (1 + 2 Eul erGanma) ) ]

(Log[2] -4 n Log[2] + BEul erGamma Log [4] + Eul erGanma n Log [4] + (1 +n) Log[4] Log[n]) /
Log [2]

Snplify[(2Log[2] n Log2[n] +2 (-2+EulerGanmma) n + 2 Log[2] Log2[n] + (1 + 2 Eul er Gamma) ) ]
l-4n+2EBuerGma (1+n)+2 (1+n) Log[n]

2 (n+1) (Log[n]+BulerGamma) -4 n+1 =

1
2 (n+1) Zin=1._ -4n
[

The two coi ncide for integer argunents, as the graph bel ow shows.

Pl ot [{2 (n+1) (ZLI E) -4n,

i
2 (Eul erGanmma - 2 n + Eul erGamma n + Pol yGamma [0, 1 +n] +n Pol yGamma [O, 1+n])}, {n,
1, 20}]
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Pl ot [{2 (n+1) (ZLI IE] -4 n,

2 (BEulerGanma - 2 n + Eul erGamma n + Pol yGamma [0, 1 + n] +n Pol yGanma [O, 1+n])}, {n,
21, 40}]

180
160

140

100

25 30 35 40

Pl ot [{2 (n+1) (Zin=1 IE] -4n,

2 (BEul erGanmma - 2 n + Eul erGamma n + Pol yGamma [0, 1 +n] +n Pol yGamma [0, l+n])}, {n,
41, 60}]
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Pl ot [{2 (n+1) [ZLI IE] -4 n,

2 (BulerGanmma - 2 n + Eul erGanma n + Pol yGama [0, 1 +n] +n Pol yGmma [0, 1 +n]),
2 (n+1) (Log[n] + Eul erGamma) -4 n+1}, {n, 1, 10}]

25

Usi ng

2 Log[n] = 2Log[2] Log2[n]
N[2 Log[2]]
1. 38629

we obtain:

An] =

1.3862943611198906" (n + 1) Log2 [Nn] -
2. 8455686701969345 N + 2. 1544313298030655"
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Pl ot [{2 (n+1) (Z:’ﬂ IE] -4 n,

1. 3862943611198906° (n +1) Log2[n] - 2. 8455686701969345" n + 2. 1544313298030655" ,
2((n+1l) (Log[n]+EulerGamma) -4 n+1 } {n, 1, 10}]

15 -

10

|
4 6 8 10

The above approxi nation was used as a reference i n the deno programt hat
count ed nunber of conparisons done by QuickSort that | run for youin class.

Qovi ously, the approximation we conputed (with a help from Mat hemati ca)
is e (nlLog2[n]), becausethelimt of the ratio of the
approxi mtionto n Log2[n]is greater than 0 and | ess than w:

Limt [{(1.3862943611198906 (n +1) Log2[n] - 2. 8455686701969345" n + 2. 1544313298030655" ) /
(n Log2[n])}, N » o]

(1. 38629}

Now, we will find an approxi mati on of A[n] that convergesto A[n] when n -

1
o faster than — converges to O when n - .
n

Limt [{n (2 (BulerGamma - 2 n + Eul erGanma n + Pol yGamma [0, 1 +n] +n Pol yGamma [0, 1 +n]) -
(Log[4]1 n Log2[n] +2 (-2 + EulerGamma) n + Log[4] Log2[n] +
(1 + (Bul erGanma Log [16]) / Log[4]1)))}, N » o]

5

6
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Limt [{n [2 (BulerGmma - 2 n + BEul erGanmma n + Pol yGamma [0, 1 +n] +n PolyGmal[0, 1+n]) -
(Log[4] n Log2[n] +2 (-2+EulerGamma) n + Log[4] Log2[n] +

5
(1 + (Eul er Gamma Log [16]) / Log[4]) +—))} n- oo]
6 n

{0}

Limt [{n l2 (BulerGamma - 2 n + BEul erGanmma n + Pol yGamma [0, 1 +n] +n PolyGama[0, 1 +n]) -
(2 Log[2] n Log2[n] +2 (-2 + Eul erGamma) n +

5
2 Log[2] Log2[n] + (1 + 2 Eul erChmra)+—))}, n- oo]

6n
{0}
5
N[2 Log[2] n Log2[n] +2 (-2+EulerGanma) n +2 Log[2] Log2[n] + (1 + 2 Eul er Gamma) +—]
6 n
0. 833333
2.15443 + — -2.84557 n + 2. Log[n] +2. n Log[n]

n

5
N[Z Log[2] Log2[n] (n+1) +2 (-2 + EulerGamma) n + (1 + 2 Eul er Gamma) +—]
6 n

0. 833333
2.15443 + ———— _2.84557 n+2. (1. +n) Log[n]
n

N[5 /6]
0. 833333

So,
A[n] =
1.3862943611198906° (n +1) Log2 [n] -2. 8455686701969345" n
1
+2.1544313298030655 + — 0. 8333333333333334"

n
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Pl ot [(2 (BulerGamma - 2 n + BEul erGanma n + Pol yGamma [0, 1 +n] +n Pol yGama [0, 1 +n]) -

(Log[4] n Log2[n] +2 (-2+EulerGamma) n + Log[4] Log2[n] +

5
(1 + (Eul er Gamma Log[16])/Log[4])+—)), {n, 2, 20000}]
6 n

5000 15000 20 000

-5 ><10’9;
-1 ><:LO’8;
—1.5><10‘8;
-2 ><10'8;
—2.5><10’8;

-3.x1078 |

Here i s conparision with exact sol ution that uses harnoni ¢ nunber :

Di scret el ot [

1
(2 (n+1) (Zin_l—) -4n- (Log[4] n Log2[n] +2 (-2 +EBulerGanmma) n + Log[4] Log2[n] +
i
5
(1 + (Eul er Gamma Log [16]) / Log[41) +— ||, {n, 2, 2000}]
6 n

500 1500 2000

-5 ><10'7;
-1 ><10’6;
—l.5><10’6;
-2 ><10‘6;
—2.5><10’6;

-3.x107° f

Here i s anot her approxination:
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Li mit [
1 1 1 1 1 1 1
{n32 ((Zin_l—)- (Log[n]+EuIerGarma+—— + - + - +
= 2n 12n? 120n* 252n% 240 n® 132n%0
691 1 3617 43867 174611 77683 236364091
- + - + - + -

32760 n12 12 n!* 8160 n'® 14364 n'® 6600 n2® 276 n?2 65520 n%
657931 3392780147 1723168255201 7709321041217 ) ) } ]
, N > o

+ - +

12 n2% 3480 n?8 85932 n%0 16320 n32
{0}

1 1 1 1 1 1
Pl ot [{2(n+1) Log[n] + Eul erGamma + — - + - + - +
2n 12n? 120n* 252n® 240n® 132n%0
691 1 3617 43867 174611 77683 236364091 657931
- + - + - + - +

32760 n12 12n!* 8160 n'® 14364 n® 6600 N2 276 n?2 65520 n%* 12 n%6

3392780147 1723168255201 7709321041217
- + -4 n, 1.386 n Log2[n] - 2.846 n,

3480 n%® 85932 n3° 16320 n*
(Eul erGamma - 2 n + Eul er Gamma n + Pol yGanma [0, 1 +n] +n Pol yGamma [O, 1+n])}, {n, 2, 5}]

N

1 1 1 1 1
Lirrit[{n33 2 (n+1) |[Log[n] + Eul erGanma + — - + - + -
2n 12n? 120 n* 252n% 240 n®
1 691 1 3617 43867 174611 77683
+ - + - + - +

132 n'® 32760 n*? 12n'* 8160 n'® 14364 n*® 6600 N2 276 n??
236364091 657931 3392780147 1723168255201 7709321041217

- + - + -
65520 n% 12 n?8 3480 n%® 85932 n30 16320 n¥?
4n-2 (BulerGanmma -2 n + Eul erGanma n + Pol yGamma [0, 1 +n] +

n Pol yGamma [O, 1+n]))}, n - oo]

{ 151628697 551 }

6
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1
So, hereis areally close approximation with the error convergingto O faster than — :
n31
1 1 1 1 1
A[n] =2 (n+1) |Log[n] + Eul erGamma + — - + - + -
2n 12n? 120 n* 252n% 240 n®
1 691 1 3617 43867 174611 77683

+ - + - + - +
132 n® 32760 n'? 12n'* 8160 n'® 14364 n*® 6600 n?° 276 n??
236364091 657931 3392780147 1723168255201 7709321041217
- + - + -4n
65520 n2* 12 n?6 3480 n%® 85932 n 16320 n*?

1 1
Expand[Z (n+1) (Log[n]+EuI er Ganma + — - )_4 n]
2n 12n?
1 5
+— -4n+2RBWerGman+2Llog[n]+2n Log[n]
6n2 6n

1 5
+— -4 n+2BulerGmma n+2Log[n]+2n Log[n]]
6n2 6n

0. 166667 0.833333
2.15443 - + -2.84557 n+2. Log[n] +2. nLog[n]

n2 n

0. 16666666666666666°
2.1544313298030655" - +
2
n

1+ 2 Eul er Gamma -

N[1-+2 Eul er Ganma -

0. 8333333333333334"

- 2.8455686701969345" n+2 (n+1) n Log[n]
n

1. 3862943611198906° (n +1) Log2[n]
2.7 (1+n) Log[n]
A[n] =

1. 3862943611198906° (n +1) Log2 [n] -2. 8455686701969345 n
0. 16666666666666666°

1
+2. 1544313298030655 + — 0. 8333333333333334" -

n n?2
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Pl ot [Tool tip [{2 1544313298030655" - 0. 16666666666666666° / n2+
0. 8333333333333334" / n - 2. 8455686701969345™ n+ 2.  Log[n]+2. n Log[n],
1.386 n Log2[n] -2.846 n, 2 (Eul erGamma -2 n + Eul erGamma n +
Pol yGarma [0, 1 +n]+n PolyGama[0, 1+n])}], {n, 1, 4}]

P ot [Tool tip [{2 1544313298030655" - 0. 16666666666666666 / n?+

0. 8333333333333334" / n - 2. 8455686701969345" n + 2.  Log[n]+2. n Log[nl,
1.386 n Log2[n] -2.846 n, 2 (Eul erGamma -2 n + Eul erGamma n +
Pol yGarma [0, 1 +n]+n PolyGama [0, 1+n])}], {n, 1, 20}]

70

5
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M ot[Tboltip[{2.1544313298030655‘-0.16666666666666666‘/ n? +0. 8333333333333334" / n -

2. 8455686701969345° n+2.° Log[n]+2. n Log[n], 1.386 n Log2[n] - 2.846 n,
2 (Eul erGanma - 2 n + Eul er Ganma n + Pol yGanma [0, 1 +n] +n Pol yGamma [0, 1 +n])}], {n,
3000, 3001}]

39530

39520
39510

39500 -

3000.2 3000.4 3000.6 3000.8 30010



