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>>> Awarm - up optional exercise
left to the students as individual reading.

Example of approximate computation of average case (Binary Search)
Carries on the details of computations in the textbook,
Sectionl.6 .3 Average - Behavior Analysis, p. 57 -59.
Results :

Tavg (1) = Log2[n+1] - g = Log2[n] - g
where g is the probability of sucessful search.

More precisely,

Tavg (n) =Log2[n] - q + o (1)
Also, for sufficiently largen (e.g., n 2 1000) andany0< g=< 1:

Log2[n] -q@ £ Tayg (n) < Log2[n] +.1-q
The following two results will also be tested by a program posted on class website

For everyn,
Log2[n+1] < Tl (n) < Log2[n+1]+.1

avg

For everyn > 394,
Log2[n+1] -1 < T59S° (n) < Log2[n+1]-.9

avg
Binary search, ordered.

Findan itemx in an ordered
array I based only of comparisons of x to elements ot I.

I[0] < I[1] < I[2] s ... s I[i-1] sI[i] s ... s I[n-1]

size (I) - number of elements tobe searched (= n).

Assume size (I) = n= 2F - 1
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(for simplicity only;

the general case without the above assumption is analyzed at the end of this file,

with exact computations contained in files AverageCaseOptimalityBinSearch.nb
and AverageCaseOptimalityBinSearch.pdf posted on the class website)

I[0] < I[1] s I[2] s ... s I[i-1] =
I[i] s ... s I[n-1]
A

. . . n-1
midpoint i = [—J

(Exercise : Prove it !)

~
I

Log2[n+1];

We know already that k is the possibly largest number of comparisons

made by binary search, both in successful and unsuccessful case.
T (n) -

number of comparisons performed while searching of an entry inann -
element array I.

Average - case running time for successful search

Let s¢ be the number of elements of I that are

found after exactly t comparisons by the binary search.

S¢ = 2t—1

(Exercise . Prove it by inductionon t !)
Let comp (i) be the number of comparisons needed to find I[i].

TR ()

2 com (3] o (3) = 527 coms (1) x 2+ £ T2 com (1) < £ 5

t=ltxst = [

because sy =

1
—_ § :k txzt—l
n =1

2%1; notethatt 2 1 for one cannot find anything in 0 comparisons] =

(-nLog[2] +Log[l+n] +nlLog[l+n])/ (nLog[2])



AverageTimeBinSearch.nb | 3

1
—(n+1l) Log2[n+1] -1
n

1
Factor[—(n+ 1) Log2[n + 1] - 1]
n

-((nLog[2] -Log[l+n] -nLog[l+n])/ (nLog[2]))
So, theyare equal.

1
—(n+1l) Log2[n+1]-1-=
n

1
nLog2[n+1] -1+ —Log2[n+1] =
n

B IR

1
since —Log2[n+ 1] = 0 for large n]
n

—

~Log2[n+1] -1.

More precisely,

TSUSC (n) = Log2[n+1] -1+0 (1) =

avg

=Log2[n] -1+0 (1).

[For largen, Log2[n+1] ~ Log2[n], for instance,
forn > 1000, Log2[n+1] <Log2[nx (1.001)] =
Log2[n] + Log2[1.001] = Log2[n] + 0.0014419741739062604‘]

For unsuccessful search,

Tfail (1) = Log2[n+1] =

avg

= Log2[n] +0 (1).

Hence, Tavg (R) = @xT5ys° (n) + (1-Qq) ngf,‘i;l (n) =

qx (i(n+1) Log2[n+ 1] —1) + (1-qg) xLog2[n+1]
n

((1-q) Log[l+n]) /Log[2] +g (-1+ ((1+n) Log[l+n])/ (nLog[2]))
Expand[%]

Log [l +n]
-q+ ———+ (qLog[l+n])/ (nLog[2])
Log[2]

1
Log2[n+1] -g+ —qgLog2[n+1]
n



4 | AverageTimeBinSearch.nb

So,

Tavg (1) = Log2[n+1] -q.

More precisely,

Tavg (1) =Log2[n+1] -q +0 (1)
=Log2[n] -q +0 (1).

[For largen, Log2[n+1] ~ Log2[n], for instance,
forn > 1000, Log2[n+1] <Log2[nx (1.001)] =
Log2[n] + Log2[1.001] = Log2[n] + 0.0014419741739062604‘]

End of the warm - up exercise << <



Theorem 1.

Binary Search is average - case optimal in the class C of

search algorithms search an ordered array by comparisons of keys.

Input : array E of n elements;
key x.

Output : and indexis.t.
X = E[l]

if found ( search);
otherwise (unsuccessful search)
apair of idicies -w: 0if x < E[0]
or
apair of idicesi:i+1if E[l] <X < E[i+1]
or
apairof idicesn-1:0ifx > E[n-1]

Note : We do not need assumptionn =

Asserted even probability distribution :

All successful search outcomes are equally likely
and
all unsuccessful search outcomes are equally likely.
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(A case of uneven probability distributionwill be tackled in Chapter 10 Section 4. )

The result is proven for any algorithm that searches via decision tree;

inparticular, for any algorithm that searches by comparisons of keys.

The computations below require the concept external
path length and internal path length in a binary tree.

Here is an example of a decision tree for Binry Search.

TreePlot[{5—>2, 5-58,2-1,2-54,8-57,8-510, 0> "-©0:0", 150,

35"2:3", 45 3,6->"5:6",7-56,10-9, 10-»>"10:00", 0> "0:1", 1> "1:2",
35 "3:4", 45 "4:5", 6> "6:7", 7> "7:8", 9> "8:9", 9 "9:10"},
VertexLabeling -» True, DirectedEdges -» True, VertexRenderingFunction -»
({white, EdgeForm[Black]|, Disk[#, .3], Black, Text[#2, #1]} &), AspectRatio - 0.55]
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External nodes are green. These are non -
decision nodes that represent the final outcomes of .
All others are decision nodes or the final outcomes of successful searches.

The average number of comparisons performed
by Binary Search with a decision tree Tonnnodes is

Tavg (n) =

. 1
ax TS (n) + (1-q) xTE3L (n) = ax (—ipl (T) +1) +(1-q) x ((ipl (T) +2n) / (n+1))
n

(in file: http: //
csc.csudh. edu/ suchenek/CSC401 /Mathematica/AverageCaseSearchLowerBound.nb) .

Therefore, all we have to demonstrate that the decision
tree of Binary Search has theminimum internal path length.

All levels of every decision tree for Binary Search has all levels that are full except,
perhaps, for the last level.

Therefore, the internal path length for each
decision tree on n nodes for Binary Search is equal to:

2:1 |_Log2 [1]J .

Thus, the said decision tree has theminimum external path length.

End of proof.

Theorem 2.

The average number of comparisons of keys that Binary Search performs
on the average while searching ann - element ordered array is equal to :

(1+g) (Log2[n+1] +e[n+1]) -q =
n

~ Log2[n+1] +e[n+1] -q,



where

Blx_] :=1+x-2%
o[x_] :=[x] -x

e[x_] := B[6[Log2[x]]]

Proof. Let Tbe a deccision tree on n nodes for Binary Search.
As we shown in the proof of Theorem1,

ipl (T) :
Tavg (D) = @ X (—+1) +(1-q) x ((ipl (T) +2n) / (n+1)).
n
Since Thas ther minimum internal path length, we conclude
1. .
Tavg (R) = @x (—1plmin (n) + 1) +(1-q) x ((iplnin (m) +210) / (n+1)).
n

Applying computations from file file : http: //
csc.csudh.edu / suchenek/csc401 /Mathematica/
AverageCaseSearchLowerBound.nb, we conclude that

Tavg (R) = (l+g) (Log2[n+1l] +e[n+1]) -q =
n

~Log2[n+1l] +e[n+1] -g
End of proof.

Note.
Function € oscillates between 0 and
l-1lge+lglge ~0.08607133205593432

Plot[{e[n], 0.0860713, 1}, {n, 0.9, 2.2}, PlotTheme -» "Classic",
PlotStyle » {Thickness [Small]}, AspectRatio - 0.6,
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Ticks » {{1, 1.38629, 2, 22, 64, 177, 355, 512, 710, 1024}, {0, 0.0860713, 1}}]
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