
Definitions of floor of and ceiling

dx t = max 8n Î Z x ³ n<

`x p = min 8n Î Z x £ n<

where Z is the set of all integers.

Examples

d3t = 3

d3.14t = 3

d- 3.14t = - 4

`3p = 3

`3.14p = 4

`- 3.14p = - 3

d3t

d3.14t

d- 3.14t

`3p

`3.14p

`- 3.14p

Plot@Tooltip@8dx t, x , `x p<D, 8x , - 5, 5<D
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dx t £ x £ `x p

H" n Î ZL Hx £ n Þ `x p £ nL

H" n Î ZL Hx ³ n Þ dx t ³ nL

Relation between dx t and `x p :

dx t = -`- x p

`x p = -d- x t

Exercise : Prove it !

2aLog2@nDq = min 92k k Î N & n £ 2k =

where N is the set 80, 1, 2, ...< of all natural numbers.

Proof.

`x p = min 8k Î Z x £ k<

2`xp = 2min 9k Î Z x £ k= =

@since 2� is a growing functionD
= min 92k k Î Z & 2x £ 2k =

Putting x = Log2@nD we get

2aLog2@nDq = min 92k k Î Z & 2Log2@nD £ 2k = =

min 92k k Î Z & n £ 2k = = @since n > 0D
min 92k k Î N & n £ 2k = á

n £ 2aLog2@nDq < 2 n

Exercise : Prove it !
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PlotATooltipA9n, 2aLog2@nDq , 2 n =E, 8n, 1, 100<E
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2eLog2@nDu = max 92k k Î N & n ³ 2k =

Exercise : Prove it !

n

2
< 2eLog2@nDu £ n

PlotBTooltipB:
n

2
, 2eLog2@nDu , n >F, 8n, 1, 100<F
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The number of bits necessary to represent a positive integer n is

dLog2@nDt + 1

Examples
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12 = 1100 Hin binary , 4 bitsL

dLog2@12Dt + 1

1 234 567 891 = 1 001 001 100 101 100 000 001 011 010 011

Hin binary , 31 bitsL

dLog2@1 234 567 891Dt + 1

dLog2@nDt + 1 = `Log2@n + 1Dp

Proof in the next file.
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