Better Lower Bound of average performance of Sorting that sorts by
comparisons of keys and removes at most one inversion after each comparison

Recal |
Definition
C - aclass of sorting algorithns that sort by conparisons
of keys and renove at nost one inversion after each conparison.
Lemma. Wiile sorting permutaion s and pernutation inverse () based only on conparisons of keys,

1
each algorithmin class C nust performat least — (n - 1) (n + 2) conpari sons.
2

Proof. In addition to performing a conparison before renoving each inversion,
the said algorithmnust also verify all non - inversions of consecutive elenents

of the sorted sequence (in order to properly |eave themalone). This nust take

atotal of at least (n - 1) conparisons in any pernutaion s and inverse ().

So, by virtue of Theorem 2 (in previous .nb file) the nunber of conparisons is at |east

n (n-1)
2

+ N -1= (n-1) (n+2)

N e

1
in any permutaion x and inverse (x), or — (n-1) (n+2) on average.
4

This way we proved (Make sure you know why.):
. . 1 .
Theorem 3. Each algorithmin class C nust performat least — (n - 1) (n + 2) conpari sons on average.
4
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Recal | that the upper bound established by Insertion Sort was — n (3 +n) -Zj
4 J

Thus the difference between that upper bound and the | ower bound given by Theorem 3 is
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The difference between the textbook' s |ower bound and
the upper bound established by Insertion Sort was =n - Log[n] -0.577216

P ot of two | ower bounds and the upper bound on the average nunber of conparisons
each algorithmin class C nust performwhile sorting an array with n el enents.

Here is a plot of the textbook | ower bound (bottom curve),
above |ower bound (nmiddle curve), and (an approximation of )
(top curve). Notice how close the latter two are.

Pl ot [Tooltip[{:l1 (n (n-1)), :11 (n-1) (n+2), }] n, 1, 20}]

Insertion Sort

(@ ower '/u ndd)

100

8

o

60




