Upper bounds and | ower bounds on
the tinme necessary to sol ve the probl em
wi t h exanpl e Fi ndMvax

(See page 39 - 40 of textbookfor norenarrative)
Supposet hat a probl emQ (I ) has only t hree sol uti onswhose wor st -case runni ngtines are:

Log[n] + Sin[n] + 10,

«/n +4, and

n/Log[nl,

wherenisthesizeof aninput I.

P

ot [Tooltip[{ Log[n] + Sin[n] + 10, «\/?+4, n/Log[n], }] {n, 3, 200}]
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FunctionLog[n]is al ower bound of all three.
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PIot[TooItip[{ Log[n] + Sin[n] + 10, 1/TT-+4, n/Log[nl, Log[n]}], {n, 3, 200}]
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Limt[(Log[n]+ Sin[n] + 10) /Log[n], N - o]

1
'\/T+4
Limt[—, n - oo]
Log[n]
n/Log[n]
Lim’t[—, n - oo]
Log[n]

So, Log[n]is alower bound onthetine necessaryto solvethe problemQ ().

Each of the runnigtinmesif problem s solutionsare (autonatically)
upper boundsonthetinme necessaryto sol vethe probl emQ (I).

PIot[TooItip[{ Log[n] + Sin[n] + 10, «j:T.+4, n/Log[n], 2 Log[n]}], {n, 3, 200}]
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Hereis aninproved (snall er, that is) upper boundfor Q:

Pl ot [Tooltip[M n[Log[n]+Sin[n] + 10, n +4, n/Log[n]”, {n, 3, 200}]
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So, if therewere a sol utionthat had worst -
case runni ngtime Log[n] thensuch a sol uti onwoul d be wor st - case opti nal.

Aver age- case anal ysisissimlar.

Exanpl e: Fi ndMVax.

ProblemQ (I ): G venan unsortedinteger array | of sizen,
find anindex of thel argest el enent of I,

usi ng conpari sonsof el enentsof array as the only neans of deci di ngwhichoneit is.
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T (n) - the worst -case runningtimefor the probl emneasuredas the nunber
of conpari sonsthat are necessarytosolveQ (') for any input | of sizen.

Lower bound on T (n).

Assune al | el ementsof | are different.
The wor st - case scenari owi || automaticall ybe at | east as bad as this.

Thereare (n-1) non-naxi mal el ementsof |,
and t he al gori t hmnust " know' who t hey are.

The al gorit hm'knows" t hat an el enent x of | i s non-
maxi mal i ff x | ost at | east one conpari sont o sone ot her el enent of |.

Each conpari sonl eaves one | oser el enent.

An al gorithmt hat perfornedno norethan
(n -2) conparisonsidentifiedno norethan (n-2) | osers.

So, at least 2 el enentsare non-|osers, each of which may be t he maxi mal one.
Hence, at | east (n-1) conpari sonsare needed.
So,
f (n) = n-1
is alower bound onthe worst -caserunningtinme of (any solutionof) Q ().

The wor st -
caserunni ngtime of |inear searchis (autonatical |y an upper bound ont he wor st - case

Li near searchfinds max el ement of | after (n-1) conparisons

Hence, the worst -caserunningtineof |inear searchis both a
| ower bound and an upper bound on t he wost - case runningtinmefor Q (l).

I n ot her words,
i near searchis a worst -case opti mal solutionof Q (l)intheclass of
al gori t hmst hat make t hei r deci si onsbased onl y on conpari sonsof keys.



