Solving the recurrence relation for the worst - case number W[n] of comps done by Mergesort

W[n] = WH%J] +w[[§-|] +n-1, W[1] =0

(» Same as
W[n]==w[[“2;1]]+w[[‘j]]+n-1 , W[1]=0

RSolve[{W[n] w[l%J] +w[[§-|] +n-1, W[1] = } W[n, n]

RSolveHW[n] = —l+n+W[Ceiling{§H +W[Floor[§”, W[l] == } Win], n

Mathematicacan' tdoit!
(But it canplot it - wewill plot it later)
Assumen = 2¥andput A[k] = W[n].

We havek = log,n, so

W[n] = A[log,n]

Wln] W[EJ] +w[|-§-|] +n-1, W[1] =

becomes

W[2") w[zz—k] +w[22—k] +2%_1, W[1] =0

or

W[25] = w25t ] +w[25 ] + 25 -1, W[1] =0

or

W[2¥] = 2w[2" "] +25-1, W[2°] =0

or

A[k] =2A[k-1]+2%-1, A[0] =0

RSolve[{A[k] = 2A[k-1] +2"-1, A[0] =0}, A[k], k]
{{a[k] > 1-2%+2"k}}
So,
W[n] =A[Log2[n]] =
1 - 2te92[nl 4 pled2inl 1692 [n] =

1-n+nlLog2[n] =
nLog2[n] -n + 1 = n (Log2[n] -1) + 1
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SinceW[n] is integer for everyn (not just forn = Zk) , one can infer that
[n (Log2[n] -1) + 17 £ W[n]

This is the lower bound from the textbook, Theorem4.6. (correctly derived here).

Plot of the exact solution

We use M instead of Where for purely technical reasons.

M[1] =0;

Mn_] M[[‘ziJ] +M[[‘zi]] in-1;

Table[{n, M[n]}, {n, 1, 50}]

{{1, 0}, {2, 1}, {3, 3}, {4, 5}, {5, 8}, {6, 11}, {7, 14}, {8, 17}, {9, 21}, {10, 25},
{11, 29}, {12, 33}, {13, 37}, {14, 41}, {15, 45}, {16, 49}, {17, 54}, {18, 59},

(19, 64}, {20, 69}, {21, 74}, {22, 79}, {23, 84}, {24, 89}, {25, 94}, {26, 99},

{27, 104}, {28, 109}, {29, 114}, {30, 119}, {31, 124}, {32, 129}, {33, 135}, {34, 141},
{35, 147}, {36, 153}, {37, 159}, {38, 165}, {39, 171}, {40, 177}, {41, 183}, {42, 189},
{43, 195}, {44, 201}, {45, 207}, {46, 213}, {47, 219}, {48, 225}, {49, 231}, {50, 237}}

DiscretePlot[Tooltip[{M[n]}], {n, 1, 2000}]
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We showed in filehttp : // csc.csudh.edu / suchenek / CSC401 / Slides / MergeSort_note.pdf that
n 0

Win] = > [Log2[i]]

is the solution of the recurrence relation on

M[n]. Below is a graph of both functions. Since they coincide,
M[n] +10 is plotted in lieu of M[n] to show that there are two graphs there.
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DiscretePlot[Tooltip[{M[n] +10, Zri‘:l [Log2[i]1}], {n, 1, 200}]
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Ploting the exact solution against textbook lower bound and upper bound :

DiscretePlot[Tooltip[{M[n], [nLog2[n] -n+1], [nLog2[n] - .914n7}], {n, 790, 1030}]
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DiscretePlot[Tooltip[{M[n], [nLog2[n] -n+1], [nLog2[n] - .914n7}], {n, 1220, 1410}]
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DiscretePlot[Tooltip[{M[n], [nLog2[n] -n+1], [nLog2[n] - .914n]}], {n, 1950, 2100}]
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However, forn = 11,
the worst - case number of comparisons done by Mergesort is 29 while the textbook claims it is no
more than 28. (Other values of for which the textbook upper bound is incorrect are 22, 44, 88,
89, 176 through 179, 352 through 358, 703 through 716, 1406 through 1433, andmore ...)

Table[Tooltip[{n, n (Log2[n] +e[n] -1) +1, [nLog2[n] - .914n7}], {n, 10, 12}]
{{10, 25, 25}, {11, 29, 28}, {12, 33, 33}}
Table[Tooltip[{n, M[n], n (Log2[n] +e[n] -1) +1, [nLog2[n] - .914n7}], {n, 1406, 1433}]

({1406, 13419, 13419, 13418}, {1407, 13430, 13430, 13429},
{1408, 13441, 13441, 13440}, {1409, 13452, 13452, 13451},

(1410, 13463, 13463, 13462}, {1411, 13474, 13474, 13473}, {1412, 13485, 13485, 13484},
{1413, 13496, 13496, 13495}, {1414, 13507, 13507, 13506}, {1415, 13518, 13518, 13517},
{1416, 13529, 13529, 13528}, {1417, 13540, 13540, 13539}, {1418, 13551, 13551, 13550},
{1419, 13562, 13562, 13561}, {1420, 13573, 13573, 13572}, {1421, 13584, 13584, 13583},
{1422, 13595, 13595, 13594}, {1423, 13606, 13606, 13605}, {1424, 13617, 13617, 13616},
{1425, 13628, 13628, 13627}, {1426, 13639, 13639, 13638}, {1427, 13650, 13650, 13649},
{1428, 13661, 13661, 13660}, {1429, 13672, 13672, 13671}, {1430, 13683, 13683, 13682},
{1431, 13694, 13694, 13693}, {1432, 13705, 13705, 13704}, {1433, 13716, 13716, 13 715}}

Other than that, the textbook bounds, althoughnot well - derived, is really good!

The solution of the textbook ' s recurrence relationonW (n)
W(n) =nlgn - (a - lga) n +1
in the proof of Theorem4.6 p. 177 (although not well - derived) is equal to ours

n(lgn+e-1) +1, or
nlgn+ (e-1)n+1.
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a[x ] .= 2|_Log2[x]]—1’..og2[x]+1;
Plot[Tooltip[{n (Log2[n] +e[n] -1) +1 +10
(xadded to see 2 graphs=*), nLog2[n] - (a[n] -Log2[a[n]]) n+1}], {n, 2, 100}]
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Here is the exact solution derived in class.

W[n] = n (|lLog2[n]| +1) - 2lke92[nll+l 4 q -
n s
(= Tuog2[ill =)
= n [Log2[n] ] - 2Lt92R1+1 yn 41 =
=n |Log2[n]] -2tte921+l 1o 4n-1 =

n-

=3 iLLogZ[i]J+n—1=

=I;(Log2[n] +e[n]) -2 (n-1) +n-1 =
=n (Log2[n] +€[n]) -n+1 =
=n (Log2[n] +e[n] -1) +1

where

Blx_] :=1+x-2%
O[x_] :=[x]-x

e[x_] := B[6[Log2[x]]]
Here is a plot of function e [n]

Plot[{e[n], .0860, .5}, {n, 1, 1000}, AspectRatio » .13]
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So

n (Log2[n] +0) -n+1 < W[n] <n (Log2[n] +.0861-1) +1 =n (Log2[n]) -0.9139n+1

(So, the textbook approximation
W[n] £ [nLog2[n] - .914 n]
yielded slightly incorrect (too small) upper bound (for somen.)

Here is the plot of the exact solution and its bounds :
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Plot[{n (Log2[n] +e[n] -1) +1, n (Log2[n] +0-1) +1, n (Log2[n] +.0861-1) +1}, {n, 1, 20}]
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Plot[{n (Log2[n] +e[n] -1) +1, n (Log2[n] +0-1) +1, n (Log2[n] +.0861 -1) +1}, {n, 1, 4}]
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The rest of this file is optional for all students.

Note+ The best =
case number comparisons for QuickSort is the same as the worst — case number of comparisons
for MergeSort + the respective formula can be derived using the same recursion tree-
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(* The above note was removed because it was not true.
The worst-case number of comparisons done by MergeSort is 3 ,[Log2[i]] while
the best-case number of comparisons done by Quicksort is })_;|Log2[i]],
so the difference between the two is

5.1[Log2[i]1-32_, | Log2[i]]=
[by the formula in file
/media/Suchenek/Courses/CSC401/Website/Slides/Knuth-
Suchenek_formulas_sums_of_floors_ceilings_logs.pdf]

n-
[Log2[
n]|-1.

(* The recurrence relation for the latter is:

(*
A[n] ::A[l-nz;lJ]+A[|-n;_l-|]+n—1 ’ A[1]==0

(*# which is the same as
A[n]=A[| =*]]+a[[2]]+n-1 ,A[1]=0

(* so it is not the same (although very close) as the recurrence relation for the former
W[n]::W[I-n;—l-I]+W[|-I§-|]+n—1 , W[1]1==0

Below is a plot of the worst - case for MergeSort together with the average -
case for QuickSort and its approximation.

Foralln < 12, the number of comparisons performed by MergeSort in the worst case
is equal to the ceiling of the average number of comparisons performed by QuickSort.

vns< 12, WMergeSort [n] = rAQuickSort [n]-l

MergeSort performs less comparisons in
the worst case than QuickSort on the average foralln > 13.

vnz2 13r WMergeSort [n] < AQuickSort [n]

12!
479001600
So, it is feasible to test exhaustively the above fact.
Here is a demonstration of the above facts.

n —
Z‘ﬁﬂ 3

HarmonicNumber [n]
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Plot[{n (Log2[n] +e[n]) -n+1, N[2 (n + 1) HarmonicNumber[n] - 4n]},
{n, 10, 20}, PlotPoints - 200]
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Table[{n, {n (Log2[n] +e[n]) -n +1, N[z (n + 1) (Z: . i) - 4n]}}, (n, 1, 20}]
=1 j

({1, {0, 0.}}, {2, {1, 1.}}, {3, {3, 2.66667}}, {4, {5, 4.83333}},

(5, {8, 7.4}}, {6, {11, 10.3}}, {7, {14, 13.4857}}, {8, {17, 16.9214}},

{9, {21, 20.5794}}, {10, {25, 24.4373}}, {11, {29, 28.4771}}, {12, {33, 32.6835}},
{13, {37, 37.0437}}, {14, {41, 41.5469}}, {15, {45, 46.1833}}, {16, {49, 50.9448}},
{17, {54, 55.8239}}, {18, {59, 60.8141}}, {19, {64, 65.9096}}, {20, {69, 71.1051}}}

L1
Plot[{n (Log2[n] +e[n]) -n+1, 2 (n + 1) (Z; —) - 4n, 1.386nLog2[n+1] - 2.846 n},

=3
{(n, 1, 50}, PlotPoints - 100]
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Plotting formula
n (LLog2[n] | + 1) - 2lbea2nll+l 4 q
derived in class
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DiscretePlot[Tooltip[{n (lLog2[n]] +1) - 2L*92*1*1 L 111, (n, 1, 200}]
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Ploting the formula
n (lLog2[n]| + 1) - 2Lbe92nll+l 4 q
derived in class and the exact solution (they coincidel!) :

DiscretePlot [Tooltip[{M[n] , n (LLog2[n]| +1) - 2lteg2[nll+l 1}] , {n, 1950, 2100}]
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Ploting the difference between the formula
n (LLog2[n]] +1) - 2Lteg2[nll+l 9
derived in class and the exact solution (it' s zerol!) :

Here is a plot of the difference (zero) between the two
DiscretePlot[{n (lLog2[n]] +1) - 2!*9?(*1J*1 . 1 _M[n]}, {n, 1950, 2100} ]
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DiscretePlot[{n (|Log2[n]] +1) - 2'*92[*1J*1 . 1 _M[n]}, {n, 1, 200}]
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Ploting the formula

n (Log2[n] +e[n] -1) +1

and the exact solution (they coincidel!) :

DiscretePlot[Tooltip[{M[n], n (Log2[n] +e[n] -1) +1}], {n, 1, 100}]
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The best case for QuickSort

It happens when all pivots are the median of respective ranges.
Recurrence relation :
B[0] :=0

B[1] :=0

B[n_] :=n—1+B[ln;lJ] +B[[n;1]]

The solution is :

B[n] = Z’:l |Log2[i]] =
(n+1) |Log2[n]] - 2lLes2nli+1 o
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DiscretePlot[{B[n] +1, Zrl‘l lLog2[i]]}, {n, 1, 50}]
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Below ig a plot of the worst - case for MergeSort together with the best — case for QuickSort-

For all n T 6, the number of comparisons performed by MergeSort in the

Wyergesort T6T = Bouicksort T6T

Moreover,

V8T 67 Wuergesort TRT T Bouicksort TRT

MergeSort performs more comparisons in

the worst case than QuiekSort in the best case foralln T 6+

VaS> 67 Wuergesort TRT > Bouicksere TRT

Best case for Mergesort is when the shorter array sent tomerge has all
smaller elements than the larger one. This yields the recurrence relation :

BM[O0] :

0

BM[1] :

i) oo 2] oo ]| 2]) o [2])

0
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DiscretePlot[{B[n], BM[n], M[n]}, {n, 1, 50}, PlotTheme -» "Classic"]
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DiscretePlot[{B[n], BM[n], M[n]}, {n, 1, 200}, PlotTheme » "Classic"]
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Interesting fact (optional for all students)

Consider BinaryInsertionSort that works like InsertionSort except that it runs the standard
binary search algorithm in order to determine the place for an insertion of the next element.

This does not save any moves of keys that still need tobe shifted up in order to make a
room for insertionbut it saves quite a 1ot of comparisons of keys in the worst case.

Since the number of comparisons of keys performed in the worst case while
inserting a key into an ordered array of i keys is now the same as the number
of comparisons of keys that the Binary Search performes in the worst case
while searching for a key in an ordered array of i keys, the former is equal to

|Log2[i]]| +1 = [Log2[i +1]7.

Thus the number of comparisons of keys performed in the worst case by BinaryInsertionSort is the
sum of the above with i ranging from 0 (inserting the first key into an empty array) to
n-1 (inserting the last n - thkey into an
n-1-element array. This is equal to

n-

T fLog2[i+111= ). [Log2[il] =

i=

n [Log2[n]] - 2/te92mIT 4 1,
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So, the number of comaprisons of keys performed by the
BinaryInsertionSort in the worst case is exactly the same as the number
of comaprisons of keys performed by the Mergesort in the worst case'!



